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Notation:
A – exchange stiffness constant
A – vector magnetic potential
B – magnetic induction
Bdem – stray field (self-demagnetizing) induction
E – magnetic free energy
Eext, Ean, Eexch and Edem – energy in the external field, anisotropy, exchange and stray field
energies
H – magnetic field
Heff, Hext, Han, Hexch, Hdem – total effective field, external, anisotropy, exchange and
demagnetizing fields
Kan – crystallographic anisotropy constant
M – magnetization vector
MS – saturation magnetization of a magnetic material
m – unit magnetization vector
nan – unit vector of the anisotropy axis
V – volume of the ferromagnetic body

β = 2Kan/MS2 - reduced anisotropy constant
γ0 - gyromagnetic ratio
λ - reduced damping constant
ρmag - magnetic ‘charge’ density
φ − scalar magnetic potential
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1. Basic micromagnetic concepts and main energy contributions
Theoretical micromagnetics as founded by W.F.Brown [Brown1963] is a basically quite simple
phenomenology which allows to evaluate the total magnetic free energy Etot of any ferromagnetic body if geometry, material parameters and the magnetization configuration of this body are
known. In its ‘minimal’ version, micromagnetics takes into account four energy contributions –
energy in the external field (Zeeman energy) Eext, energy due to the magnetocrystalline anisotropy Ean, the exchange stiffness energy Eexch and the magnetodipolar interaction energy of the magnetic moments of the ferromagnet, known as the stray (or demagnetizing) field energy Edem:
Etot = Eext + Ean + Eexch + Edem

(1.1)

The inclusion of other energy terms – like the surface anisotropy or magnetoelastic energy – is
possible (and in many cases even necessary) but we are not going to consider them here.
To make this chapter self-contained we shall now write down integral expressions for all energy
terms listed above. Such expressions may be derived on a very general basis [see, e.g., Landau1985, Brown1963a] using only very few assumptions concerning (i) the symmetry of the energy
expression with respect to the time inversion, (ii) the crystal symmetry (for the anisotropy energy), (iii) the invariance properties of the exchange interaction with respect to the space transformations (for the exchange stiffness part) and (iv) the expression for the dipolar interaction energy well known from the classical field theory (for the stray field term). The results for the energy
terms considered in (1.1) are

Eext = − H ext (r ) ⋅ M (r ) ⋅ dV

(1.2)

V
2

un
Ean
= − K (r ) ⋅ [m(r ) ⋅ n(r )] ⋅ dV

(1.3)

V

Eexch = A(r ) ⋅ (∇mx ) 2 + (∇m y ) 2 + (∇mz ) 2 ⋅ dV

(1.4)

V

Edem = −

1
M (r ) ⋅ H dem (r ) ⋅ dV
2V

(1.5)

The demagnetizing (stray) field Hdem can be calculated as a convolution of the magnetization
distribution inside a ferromagnet with the dipolar interaction kernel:
H dem (r ) =

3e r (er M (r′)) − M (r′)
V′

r − r′

3

dV ′

(1.6)

where er denotes the unit vector er = (r – r ) / |r-r |. Other symbols in (1.1) – (1.6) are listed at the
beginning of the chapter.
Several comments are in order before we can proceed:
(i) The anisotropy energy term (1.3) is given for the uniaxial crystallographic anisotropy and in
the simplest case when only the first anisotropy constant is non-zero. The generalization to any
anisotropy form (cubic, mixed etc.) and to any number of the relevant anisotropy constants is
straightforward and can be found in any standard textbook on ferromagnetic materials (see, e.g.,
[Chikazumi]).
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(ii) The exchange energy term written as in (1.4) assumes that the tensor of the exchange coefficients Aik can be reduced to a single scalar quantity A. Hence the form (1.4) is valid, strictly
speaking, for cubic crystals only [Landau1985]. However, it is widely used for crystals with arbitrary symmetry due to the common belief that in a ‘normal’ ferromagnet the form (1.4) is a
good approximation.
(iii) The first three contributions to the total magnetic energy - Eext, Ean and Eexch - are local. This
means that they can be expressed as integrals (over the body volume) of the corresponding energy densities - eext(r), ean(r) and eexch(r) – and that these densities depend on the magnetization
(and, may be, on its derivatives) at the point r only. This is not the case for the last term in (1.1)
– the stray field energy, because the stray field Hdem(r) present in the integrand of (1.5) depends
on the whole magnetization configuration of the entire magnetic body (see (1.6)). This circumstance makes the computation of this energy part and the stray field, as we shall see below, to the
most difficult problem in quasistatic micromagnetics.

2. Discretization methods: simplicity and speed versus exact shape
approximation
After the total energy of a ferromagnet has been expressed via (1.1) – (1.6) as the functional of
its magnetization configuration {M(r)}, the solution of the main static micromagnetic problem
(find the equilibrium magnetization configuration under given external condition) is conceptually very simple: we have ‘only’ to minimize the total energy with respect to {M(r)}. The {M(r)}configuration which delivers a minimum to our energy functional is the equilibrium state we are
looking for.
It is, however, quite obvious (just by inspection of the energy functional) that the corresponding
task can be solved analytically only for a very few simple special cases – and this has been already done a long time ago [Brown1963]. Any practically interesting problem requires numerical
minimization of the system energy so that the first step to be accomplished is the discretization
of the ferromagnetic body under consideration.
Two main alternatives naturally arise: (i) the translationally invariant grid (preferably rectangular, but regular triangular or hexagonal dicretizations do not lead to any serious complications
either) and (ii) the arbitrary tetrahedron mesh. Below we shall briefly discuss pro and contra for
both methods.
2.1. Regular (translationally invariant) grids
The obvious advantage of this grid type is its simplicity – to discretize the computation region no
special mesh generator is required, it is enough to specify only the total structure size and the cell
number in each direction; discretization complete. The less obvious, but by far more important
advantage is that the grid obtained this way is translationally invariant. This means that the discretization cell size is constant and the distance between the two given cells depends on their indices i and j (we use the 1D notation to simplify the formulae) only via the difference | i – j |. For
this reason the magnetodipolar interaction coefficients Wij between these cells (arising from the
discretization of the integrals (1.5) and (1.6)) depend also only on the difference between their
indices Wij = W|i-j|. This fact allows (at least in principle, see the discussion in p.3.3 below) to
treat the sums containing these coefficients as discrete convolution. The immediate and extremely welcome consequence of this fact is the possibility to evaluate these sums using the fast Fourier transformation (FFT) technique. FFT reduced the operation count for the demagnetizing
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energy evaluation of a system of N finite elements (discretization cells) from ~ N 2 (when doing
a direct summation in a real space) down to ~ N·logN, making the treatment of really large-scale
configurations - up to several millions of cells on a personal computer - possible.
However, any regular grid in general (and rectangular grid in particular) has also an obvious
drawback: neither curved borders of a ferromagnetic body nor its polycrystalline structure can be
adequately approximated with such grids. Such an approximation is necessary, e.g., when the
explicit implementation of the micromagnetic boundary conditions is required (e.g., M/ n = 0
in the absence of a surface anisotropy, where n is a unit vector normal to the body surface).
Another example is a system where one expects the crystallite grain boundaries play an important role in the remagnetization process, as it is the case in the hard-soft magnetic nanocomposites and hard polycrystalline magnetic materials.
Several attempts have been done to overcome the difficulty concerning the representation of curved borders. These attempts reach from a simple proportional decrease of magnetic moment
magnitudes of cells cut by such borders [Berkov2000] up to the sophisticated embedded curve
boundary (ECB) method where the finite difference operators for the border cells are modified
explicitly [Parker2000]. In the latter paper it was shown that the adequate approximation of the
stray and exchange fields on the curved border could be achieved. However, in ECB significant
modification of the grid mesh on the element borders are required so that the authors of [Parker2000] had to use the method based on the solution of the Poisson equation for the magnetic
potential (instead of the FFT-technique) to find the demagnetizing field.
Up to our knowledge, no systematic tests were carried out to study the effects of imposing the
rectangular mesh onto the polycrystalline structure of real materials. Corresponding simulations
of materials where the average crystallite size remains approximately constant for the whole system seem to provide consistent results [Berkov2000], but for magnetic composites where two
phases may have very different grain sizes [Hadjipanayis99] the straightforward usage of regular
grids is surely not the best method to account for these very different length scales.
2.2. Tetrahedron mesh
An obvious alternative to the regular grid is an irregular tetrahedron mesh. Its main advantages
are
• the ability to approximate virtually any body shape with high accuracy using a moderate
number of finite elements and
• the ability to handle very different length scales using the adaptive mesh refinement which
can be also performed during the simulations.
The price to pay is the introduction of tetrahedra with largely varying sizes and shapes so that
one has to refuse on the FFT-based techniques to evaluate the stray field Hdem. And, as it was
mentioned above, the evaluation of this field using the direct summation of contributions from
all other finite elements on the given tetrahedron is an ~ N 2 operation. Hence such a summation
is out of question even taking into account that the number of finite elements N required by the
tetrahedron discretization may be considerably smaller than for the regular mesh.
The most elaborate method to cope with this difficulty when solving quasistatic problems is based on the idea not to evaluate the stray field at all. There exist an alternative way to calculate the
stray field energy based on the variational formalism dating all the way back to Brown [Brown1963] and revived later by Asselin and Thiele [Asselin1986]. Namely, it is straightforward to
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demonstrate that the minimal value of the stray field energy Edem is equal to the minimum of the
functional
W ( A, M ) =

1
2
( ∇ × A(r) − 4π M(r ) ) ⋅ dV ,
2Ω

(2.1)

where the vector potential A is related to the stray induction as Bdem = rot A. Hence Edem can be
found by minimizing this functional with respect to the vector fields A(r) and M(r). The great
advantage of this formulation is that both A and M are local quantities, so that the total system
energy does not depend anymore on non-local fields like Hdem – the energy functional is entirely
local.
Unfortunately, this formalism has also several serious drawbacks. First (relatively minor) problem is that the number of independent variables has been increased, because there are now two
independent vector fields – A(r) and M(r) – to deal with. A more serious trouble is that the integration in (2.1) has to be performed over the whole space Ω which is obviously impossible to
do numerically. Hence it is necessary to introduce an outer border of the integration area and to
map the rest of the universe into a subdomain inside this border using some conformal transformation. The position of the outer border and the optimal transformation must be determined
separately for each new geometry to be simulated. In addition, the region between the magnetic
body itself and the outer border must also be discretized, thus increasing the number of finite
elements. The technique briefly outlined here was successfully applied to the study of the reversal behaviour of hard magnetic particles [Schrefl1994a], magnetic properties of composite magnets [Fischer1995, Schrefl1994b], magnetic multilayers [Schrefl1996] etc.
However, in many important applications – e.g., when studying the magnetization dynamics –
the stray field simply must be calculated, because it is required to solve the corresponding equations of motion. In such cases the most common method to compute the stray field Hdem is taking
the (numerical) derivative of the scalar magnetic potential φ. It must be found from the numerical
solution of the corresponding Poisson equation
∆φ (r ) = −4πρ mag (r )

(2.2)

where the density of ‘magnetic charges’ ρmag(r) is defined as ρmag(r) = – div M(r). Leaving aside
the substantial but technical difficulty of solving such equations on an arbitrary mesh and the
problem of getting an accurate numerical derivative of φ(r) on such a mesh, one is still confronted with the problem of the same nature as by minimizing (2.1) that boundary conditions for the
potential φ are set on infinity: φ (r
)
0. Basically there exist two techniques to avoid the
usage of these conditions: (i) the hybrid finite/boundary element method (FEM/BEM) and (ii)
the usage of the asymptotic boundary conditions (ABC).
In the FEM/BEM approach [Fredkin1990] the scalar magnetic potential is split into two parts:
φ(r) = φ 1(r) + φ 2(r). The first part φ1(r) is defined as being zero outside ferromagnetic body and
obeys the Poisson equation (2.2) inside it. The boundary condition for φ1(r) is defined on the
ferromagnets surface so that the problem of evaluating this part of magnetic potential deals with
the finite region occupied by the ferromagnet. The properties of the second part φ 2 follow from
the definition of φ 1(r): the function φ 2(r) satisfies the Laplace equation in the whole space and
exhibits a jump on the ferromagnets surface (with the jump magnitude governed by the φ1(r)values on this surface), thus representing a double-layer potential which can be found by the
corresponding surface integration. The matrices arising by numerical solution of the Poisson
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equation for φ 1(r) are sparse, which enables an application of appropriate highly efficient techniques for the solution of the sparse algebraic systems. Unfortunately, the matrices establishing the
connection between φ 1(r) and φ 2(r) are full and their size is of the order NB x NB (where NB is
the number of mesh nodes on the surface of a ferromagnetic body). This makes the computation
rather time-consuming especially for thin films and nanodots, where the fraction of nodes being
on the surface approaches 1.0. However, for moderate mesh sizes it was possible to compute not
only quasistatic magnetic structures of 3D particles (see, e.g., [Koehler1992]), but also dynamical remagnetization processes of thin magnetic platelets [Schrefl1997].
The asymptotic boundary condition (ABC) method uses the fact that outside the ferromagnetic
body the Poisson equation reduces to the Laplace equation and thus its solution can be represented as a sum of, e.g., spherical harmonics. This can be used setting the artificial boundary conditions for the potential φ(Γout)/ n = R·φ(Γout) set on the artificial boundary Γout outside the ferromagnet. The matrix elements of the operator R (which establishes the relation between the potential and its normal derivatives on Γout) can be calculated using spherical harmonics as a set of basis functions. For the exact representation of φ and R one needs the infinite number of them, but
to approximate the true solution only a finite subset of these harmonics is needed. The number of
spherical harmonics Lsh required to achieve the prescribed accuracy quickly decreases with increasing distance between the body and the point where the solution must be found. The consequence is that if Γout is chosen far enough from the ferromagnetic body to be simulated, one can escape with a moderate Lsh values. In this case the size Lsh x Lsh of matrices describing the boundary conditions is much less then the number of boundary elements (as it was for the FEM/BEM
described above). The full algorithm resulting from this idea is fairly complicate and time consuming (see [Yang1998] for detailed discussion of the corresponding difficulties) and still too new
to judge about its real capacity (almost all large-scale results reported in [Yang1998] were obtained on a supercomputer Cray T3E).
______________
The interested reader will find a more detailed discussion of topics dealing with the tetrahedron
discretization in contributions to this volume written by T. Schrefl and (up to some extend)
P.Visscher. We have provided here a short comparison of the two calculation techniques (regular
grid and tetrahedron mesh) because the choice of the discretization plays a crucial role in the
subsequent choice of the simulation algorithm. For this reason one should be aware of all advantages, limitations and consequences when choosing the discretization method. Another reason for
drawing the attention of the reader to this problem is the absence (up to our knowledge) of the
systematic research concerning the question which discretization is best suited for which magnetic systems - leaving apart some simplest obvious cases (like Bloch walls in homogeneous thin
films or composite nanomagnets with hard grains and soft magnetic phase having very different
characteristic length scales). Such a systematic comparison of these two discretization techniques
is clearly necessary to ensure that the best available method will be applied in each specific case.
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3. Evaluation of various energy contributions
In this chapter we discuss the evaluation of energy contribution (1.2) - (1.5) after the continuous
problem of minimizing the micromagnetic energy (1.1) has been discretized, i.e., we discuss the
finite difference versions of the integrals (1.2) - (1.6). Below we use the simplest finite element
approximation of the magnetization field, assuming that the magnetization inside each discretization cell is constant. This constant vector for the i-th cell is denoted as Mi.
The discretization of the ferromagnet energy in an external field (1.2) is straightforward: the
corresponding finite-difference expression is
Eext = −

i

H iext ⋅ M i ⋅ ∆Vi

(3.1)

where Vi is the volume of the corresponding cell and H iext denotes the spatial average of the
external field (which can be non-homogeneous) over this cell. Representation (3.1) is obviously
valid for any discretization method. Improvements of this simplest approximation may be achieved taking into account the variation of the magnetization inside the discretization cell; this
question, being quite simple and purely technical, will not be discussed here.
3.1. Anisotropy energy in polycrystalline samples
The discretized version of the anisotropy energy is also simple, because the continuous form for
the corresponding energy density ean depends - as the energy density in an external field eext - on
the magnetization values only (see the integrand in (1.3); this statement is true for any anisotropy
type). So instead of (1.3) we have in the discrete version
K i ⋅ (m i ⋅ n i ) ⋅ ∆Vi
2

E an = −

(3.2)

i

The indices i by the anisotropy constant Ki and the anisotropy axis unit vector ni remind that both
the anisotropy magnitude and the anisotropy axes orientation may be cell-dependent.
The standard situation where such a dependence takes place is the simulation of a polycrystalline
material with the anisotropy varying (both in magnitude and direction) from one crystallite to
another. In this case it is necessary to generate the corresponding polycrystalline structure within
the simulation volume to ensure that the influence of this structure will be taken into account
properly.
For this purpose we use the following procedure [Berkov2000]. From the average crystallite size
<D> we evaluate the number of crystallites L which should be placed in the simulation volume
Vtot as L = Vtot / <D>3 and place L growth centers randomly inside this volume (Fig. 3.1a). Afterwards we simulate the isotropic crystallite growth starting simultaneously from all these centers
(Fig. 3.1b) and terminate the growth where and when two crystallites meet each other (Fig. 3.1c).
The procedure is complete when the whole space is covered with the crystallites (Fig. 3.1d). To
simulate this process we use a much finer lattice than for the micromagnetic simulation itself.
After completion of the growth process we assign to each cell of the ‘micromagnetic’ lattice the
anisotropy parameters (Ki and ni) of that crystallite which occupies the largest fraction of this
cell.
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When applied in this primitive form, the procedure described above is equivalent to the standard
Voronoi-Delaunay construction of the polyhedron polycrystallites used, e.g., in some commercial micromagnetic packages [ARM, MagFEM3D]. However, when any additional information
concerning the crystallite growth is available (e.g., the anisotropy of the growth kinetics), this
information can incorporated into our generation procedure more easily than into standard polyhedra-generating programs.

a)

b)

c)

d)

Fig. 3.1. Crystal growth procedure used in our micromagnetic simulations
(2D demonstration, see text for details)

3.2. Exchange energy: node-supported discretization, Heisenberg-like form and anglebased interpolation
The finite-difference representation of the exchange term (1.4) is more tricky than the approximation of the external field and anisotropy contributions because the exchange energy depends
on the spatial derivatives of the magnetization M(r). Hence the calculation of the exchange field
in a given lattice cell involves also the moments at the neighbouring cells. Below we consider
three most common ways to calculate the exchange energy on a regular lattice.
Approximation of the gradients of the Cartesian moment projections. The most straightforward
method to discretize the exchange energy functional is the usage of some sort of a standard finite
difference approximation for the gradient operators present in (1.4). To approximate the exchange energy for a lattice cell marked grey in Fig. 3.2, we need the finite difference expression for
the average values of mx/ x, mx/ y etc. inside this cell. The simplest formula uses the linear
interpolation between the corresponding nodes and leads to the result
∂m x
1 m x − m1x m4x − m3x
= ⋅ 2
+
∂x
2
∆x
∆x

(3.3)

where x denotes the lattice cell size in the x-direction. Similar formulae hold for derivatives of
other moment projections over other coordinates necessary to evaluate the gradients in (1.4). The
accuracy of such a finite difference representation for the exchange energy may be improved by
using the higher-order numerical approximations [Abramovitz1968] of the moment derivatives
(which would obviously require the inclusion of the moment projections of next nearest neighbours etc.) Mostly the five-point formula is used, for it represents the optimal compromise between the computational time and accuracy [Labrune1990, Berkov1993, Wright1997 etc.]. The
whole method is conceptually simple, easy to implement and enables a fast evaluation of the
exchange field Hexch = – δEexch/δM.
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However, the approximation of the exchange energy using (3.3) and similar formulae has also
serious drawbacks. The first disadvantage is that by using a linear (or any other polynomial interpolation) for the Cartesian coordinates between the nodes we violate the condition |M| = Const
which is one of the basic conditions in the physics of a ferromagnetic states when we are far
below the Curie temperature of the material [Landau1985]. Even when we overlook this unpleasant violation of one of the basic principles, we are still left with the problem that such a violation unavoidably leads to a systematic error by the exchange energy evaluation. This error obviously decreases when the angle between the neighbouring moments decreases. However, to keep
all these angles really small we must have a very fine discretization lattice and hence - a large
number of finite elements.

Fig. 3.2. A ‘normal’ moment configuration
suitable for the exchange energy evaluation within the approximation (3.2)

Fig. 3.3. The checkerboard moment configuration
delivering the global minimum finite-difference version (3.2) of the exchange energy.

Another problem, arising occasionally under certain unfavourable conditions, is much more serious. Namely, performing simulations of soft (low anisotropy) magnetic materials in small external fields using the approximation (3.3) for Eexch, we have observed that the system tends to find
itself in the so called checkerboard state (shown in Fig. 3.3), in which the moments on the opposite cell corners are aligned antiparallel. The reason for this alignment is pretty clear: in this state
(m2 –m1) = – (m4 – m3) so that the average derivative of any m-projection over any Cartesian
coordinate evaluated according to (3.3) is exactly zero. For this reason the overall exchange
energy of the system is also zero, so that the checkerboard state undoubtedly delivers the global
minimum to the non-negative exchange energy (1.4). This result remains valid for any higherorder polynomial approximations of the average derivatives of Cartesian moment projections.
And it comes even better: if for the evaluation of the stray field energy one uses the ‘charge formalism’, where (fictitious) magnetic charges are evaluated according to their definitions as ρmag
= – div M, the same state has also a zero stray field energy (no charges!), i.e., the smallest possible value of Edem also. So, when a system to be simulated has a low anisotropy and the external
field is also low (e.g., we are interested in a remanent state of a soft magnetic element), the
absurd configuration in Fig. 3.3 is for sure the most energetically favourable state of the system from ‘the point of view‘ of this finite-element version.
The mathematical reason for this disaster is evident: the finite difference approximation (3.3) for
the function derivative holds (by its definition) only for slowly varying functions, i.e., for
functions changing their values only slightly (compared to the values themselves) between the
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discretization nodes. This is obviously not the case for the behaviour shown in Fig. 3.3, which
means that the finite difference approximation used here for the gradient operator is absolutely
unacceptable. However, the computer program does not know this and drives the system towards
the checkerboard state whenever it is able to overcame the (not very high) energy barrier separating the region of physically reasonable states (where the angles between the adjacent moments
are small) from the checkerboard order. The only remedy is the increase of the cell number and
the limitation of the iteration step length by the energy minimization - both resulting in the
substantial increase of the computation time.
Usage of the Heisenberg form of the exchange interaction. Another frequently employed form ]
for computing the exchange stiffness energy of the system [ARM, Zhu1988, Berkov1998b,
Bertram1999, etc.] is the scalar product of the neighbouring magnetic moments
E exch = −

J ij (m i ⋅ m j ) ,

(3.4)

i, j

where the sum is taken over the nearest neighbours <i,j>. The exchange interaction coefficients
Jij may be site-dependent (e.g., to account for the weakening of the exchange interaction on the
crystallite borders) and are positive for a ferromagnet.
Before we proceed with the analysis of this approximation, we point out that (3.4) is not, as it is
often claimed, the ‘only correct generic form for the exchange interaction in micromagnetics introduced by Heisenberg’. It is certainly true that the expression Eexch = – J·(S1·S2) was introduced
by Heisenberg in 1929, but of course not to assist micromagnetics (which did not even exist by
that time), but just as the simplest form of the quantum mechanical exchange interaction which
obeys certain rules for the spin operators. What we need to find out, is whether the expression
(3.4) is a good approximation for the continuous form of the exchange stiffness energy (1.4), and
if yes, under which conditions.
From this point of view the form (3.4) seems to be suitable: it can be easily shown that for small
angles between adjacent cell moments the finite-difference approximation (3.4) on a rectangular
lattice is equivalent to its continuous counterpart (1.4) if Jxx = 2·A·Vcell / ∆x2, where Vcell is the
lattice cell volume (similarly for Jyy and Jzz-coefficients). In addition, using (3.4) we have not to
worry about the violation of the condition |M| = Const (or |m| = 1), as it was the case for the Eexch
-representation based on (3.3): since we use the vectors mi on lattice nodes only and no interpolation is necessary, this condition is always fulfilled. The third advantage of the scalar product
form (3.4) is even more important: the exchange stiffness energy evaluated this way increases
monotonously with the angle between the adjacent moments, so that states like shown in Fig. 3.3
do not correspond anymore to an energy minimum. And the last attraction of (3.4) is its simplicity: the evaluation of the scalar product is a fast operation and its derivatives (necessary to calculate the exchange contribution to the effective field) are linear in moment projections.
However, the expression (3.4) has also an important drawback: it fails quantitatively to approximate the exchange stiffness energy for the configuration with large angles between adjacent
moments. To demonstrate this, it is sufficient to calculate Eexch of the simple magnetization configuration shown in Fig. 3.4, where m(r) on the left and right sides lie in the 0yz-plane and are
fixed. Let us assume that the magnetization inside the rectangular cell rotates remaining in the
0yz-plane, and the rotation angle φ(x) (angle with the 0z-axis) varies linearly along the 0x-axis:
mx = 0, my = sinφ = sin(ax), mz = cosφ = cos(ax).
In this case the exchange integral (1.4) can be evaluated analytically with the result
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anal
Eexch
=

A ⋅ ∆V 2
φc
lx2

(3.5),

where ∆V denotes the cell volume, lx - the cell size in the x-direction and φc - the angle between
the initial (x = 0) and final (x = lx) orientations of m. The exchange energy for the same configuration evaluated using the approximation (3.4) with the properly adjusted coefficient J is
Heis
Eexch
=

2 ⋅ A ⋅ ∆V
cos φc
lx2

(3.6),

(obviously, it does not depend on the assumption how the magnetization varies between the initial and final orientations).

φc

10

Eexch, r.u.

8

z
0

E~φ2

6

y

4
2

x

E ~ - 2 cos φ

0

lx
Fig.3.4. A simple magnetization configuration
used to analyze the behaviour of the Heisenberg approximation (3.6) for the Eexch. The
magnetization rotates in the Oyz-plane.
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Fig.3.5. Comparison of the Heisenberg approximation (3.6) for the exchange energy with
the correct results (3.5) for the magnetization
configuration shown in Fig. 3.4.

Comparison of these two results (using the expression (3.6) shifted to give Eexch = 0 for φc = 0) is
shown in Fig. 3.5. Up to the angles ~ π/4 = 45o the approximation (3.4) performs really well (this
was actually the purpose of adjusting J). However, for larger angles the exchange energy given
by the scalar product is getting increasingly lower than the actual value and for the maximal
angle φc = π the correct value is almost 2.5 times larger than the approximated one.
One may object that this is only a demonstration of a well known fact that the second order Taylor expansion of almost any function works well only in the vicinity of the expansion point and
this trivial statement is not worth placing an extra figure in a ‘scientific'contribution. Another
argument against such a comparison is that the finite element method under discussion works
well anyway only for configurations where all angles between adjacent moments are small.
Both objections by themselves are correct. Indeed, the Taylor expansion is valid near the expansion point only - but the computer program does not know this applying the expression (3.4) for
any configuration. It is also true that the micromagnetic code works properly for magnetization
configurations with small angles between the adjacent moments (at least in most cases) - but the
check that all these angles are really small is absent at least in many commercial packages. And
apart from these quite trivial facts there exist also more important reasons to take seriously the
underestimation of Eexch by the (m1·m2)-form for large angles between the moments.
The first reason is that in many important cases the exchange interaction between the neighbouring cells is weakened - an important example of such a situation is a polycrystalline sample with
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disturbed intergrain borders. In this case we could safely allow larger angles between adjacent
moments belonging to different crystallites if we would possess an approximation describing
such a situation more adequately.
The second reason is that the dipole moment of the configuration with adjacent moments nearly
opposite to each other is almost zero - leading to a very small stray field energy. This means that
the algorithm based on (3.4) would be tempted to align the adjacent moments nearly antiparallel
because this way it could greatly decrease the stray field energy on the cost of a moderate increase of the exchange energy. And we have indeed frequently observed such a situation especially
when modelling domain walls. Of course, one would recover the correct solution decreasing the
cell size, but it obviously means increasing the cell number. And the third problem with the scalar product form arises for the configuration with large angles (~ ). If such a state is created
once during the simulations, it evolves very slowly, because the effective field - being the derivative of the energy over the moment orientations - is small for such large angles (see Fig. 3.5).
Approximation using the angles between adjacent moments. Taking into account all the reasons
listed above we have adopted the approximation of the exchange energy which uses the angles
αij(mi,mj) between adjacent moments:
anal
Eexch
=

i, j

(

)

J ij κ ij , ∆Vi , ∆V j ⋅ α ij2 ,

(3.7)

Here the exchange coefficient Jij in, e.g., x-direction, depends on the exchange weakening κij
(caused, e.g., by the grain boundaries) and the volumes ∆Vi and ∆Vj of the adjacent rectangular
cells as Jij = A κij (∆Vi + ∆Vj) / (2 ∆x2). The factor (∆Vi + ∆Vj)/2 appears because in our discretization scheme the moment vectors are located in the middle of the corresponding cell, so that
the volume between the moments of cell i and j (compare with Fig. 3.4) is (∆Vi + ∆Vj)/2.
The only drawback of this approximation is a somewhat complicate evaluation of the exchange
field hiexch = – Eexch/ mi (the computation of the acos(·) or asin(·) derivatives is necessary –
depending on the method applied for the evaluation of the angle αij(mi,mj) from the moment projections), but this turns out to be only a minor correction to the total computation time.

3.3. Stray field evaluation on regular grids
As it was mentioned above, the computation of the magnetodipolar interaction energy and the
corresponding field is the most difficult problem in numerical micromagnetics due to the longrange nature of this interaction. Fortunately, for the discretization using regular lattice this
computation can be performed with methods based on the Fast-Fourier-transformation (FFT)
techniques both for systems with open boundaries [Yuan1992, Berkov1993] and periodic boundary conditions [Mansuripur1989, Berkov1998b]. The implementation in the latter case is more
sophisticated and requires the combination of the FFT-technique with the Ewald method [Berkov1998b]. Below we shall briefly discuss both kinds of systems.
A. Finite systems (open boundaries): FFT-methods with zero-padding
The usage of the FFT-based methods for the stray field evaluation is based on the observation
that, e.g., for a lattice of point dipoles µ the field on the i-th lattice site created by all other dipoles
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Hi =
can be rewritten as

(

)

3eij eij ⋅ µ j − µ j
∆rij3

i≠ j

H iα =

β , j ≠i

Wijαβ µ βj ,

(3.8)

(3.9)

Here α, β = x, y, z, unit vectors eij in (3.8) are defined as eij = ∆rij / ∆rij and vectors ∆rij = ri – rj
connect the lattice sites i and j (again, we use 1D notation for simplicity). Analogous formulae
can be derived also for rectangular cells of finite size under assumption that the magnetization
inside each cell is homogeneous and even for more complicate magnetization behaviour (corresponding expressions for the interaction matrices Wij can be found in [Ramstöck1994]).
It is evident, that for the translationally invariant (regular) lattice the elements of the interaction
matrices Wij depend on the site (cell) numbers i and j via their difference |i – j| only. In this case
the expression (3.9) for the dipolar field components
H iα =

β , j ≠i

W iαβ
µβ
−j j

(3.10)

can be recognized as a discrete convolution: in (3.10) the set of the magnetization components
{µjβ} plays the role of a signal and the interaction matrices W|i - j| represent a response function in
terms of the signal processing where the whole formalism comes from. Such a convolution is
normally performed via the FFT using the well known theorem that under certain conditions (see
below) the Fourier transform Hα(k) of the stray field is the dot product of the Fourier transforms
of the interaction coefficients Wαβ(k) and magnetic moments µβ(k):
H α (k ) =

β

W αβ (k ) ⋅ µ β (k )

(3.11)

The gain is evident: Fourier components of the magnetization configuration can be evaluated all
simultaneously in ~ N · log N operations (N being the total number of lattice cells) using the FFT
algorithm. The inverse Fourier transform from Hα(k) to the field components in real space Hα(r)
requires the same effort. Finally, the multiplication (3.11) requires only ~ N operations, because
for N lattice sites we have N independent Fourier components. Hence the evaluation of the dipolar field for all lattice cells can be performed in ~ N · log N operations only (instead of N2 for a
direct summation via (3.9)). This means a nearly linear dependence of the calculation time on the
cell number - almost as in systems with the short-range interaction. Using this technique large
scale 2D and 3D micromagnetic simulations (with the cell number N ~ 105 ÷ 106) have been
performed [Yuan1992, Berkov1993, Wright1997, Hubert1999 etc.].
The implementation of this basically very simple idea is not as straightforward as it seems to be
due to the conditions implied by the convolution theorem. The first condition (in terms of our calculations) requires that the magnetization configuration should be a periodic function (in space).
The second condition requires that the interaction function should have a finite range, could be at
least cut off at some finite distance. Both conditions are violated in most micromagnetic applications. First, the magnetization configuration is, generally speaking, not periodic and secondly, the
dipolar interaction is a long-range one: due to its quite slow decay (~ r -3) no physically reasonable cut-off radius can be introduced.
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The conceptually simplest way to resolve these difficulties for finite systems (i.e., ferromagnetic
particles which are finite by themselves or systems where only finite region creates the stray field
- like certain kinds of domain walls) is well known. Namely, for such systems one can apply the
zero padding technique (often used in the signal processing) to avoid aliasing due to the nonperiodicity of the signal. For the evaluation of the dipolar field the application of this technique
means that we should:
•
•

first, double the size of the initial lattice padding the magnetization configuration with zeros
in all directions, and
second, cut off the dipolar interaction matrices in (3.10) at the distance equal to the size of
the initial lattice.

Then we can treat our system as having a periodic magnetization configuration consisting of replicas of the initial system separated by areas of the same size with zero magnetization. There is
no interaction between different replicas due to the cut-off of the dipolar matrices introduced
exactly at the initial system size. Hence all physics of this artificial periodic configuration is
determined entirely by the interactions within one replica, as it was for the initial system. On the
other hand, both conditions of the convolution theorem – the periodicity of the magnetization
configuration and the finite range of the interaction – are fulfilled and we can safely apply this
theorem to evaluate the dipolar field.
B. Periodic boundary conditions: FFT combined with the Ewald method
Important as they are, finite systems with open boundary conditions do not cover the whole range
of physically interesting problems. Simulations of magnetic systems which are so large that they
should be treated as infinite to avoid the influence of finite-size effects are necessary, e.g., when
investigating extended thin films, bulk magnetic materials, magnetic nanocomposites etc. The
usage of periodic boundary conditions (PBC) is in this case unavoidable and the question arises
how to calculate the demagnetizing field in such a situation.
First of all, it is evident that the direct summation (3.9) can not be applied at all, because we have
to take into account the interaction between all the replicas of the simulated area appearing due to
the periodic boundary conditions. Thus the number of terms in the sum (3.9) would be infinite.
The second idea is to introduce some cut-off for the magnetodipolar interaction thus taking into
account the finite number of cells only, arguing that this interaction decays quite rapidly (as r -3).
However, this decay is not fast enough to allow such a cut-off in 3D problems. It can easily be
verified by analyzing the behaviour of the integrals from the dipolar interaction over, e.g., the
spherical volume as the function of sphere radius Rs: the integrals diverge logarithmically with Rs
demonstrating that contributions from all distances are equally important (which, by the way,
enables the introduction of the demagnetization factors for uniformly magnetized bodies of some
simple forms). The cut-off trick works, in principle, in 2D situations (simulations of thin films)
but even in this case one is forced to adjust the cut-off radius for each new system to be studied
to ensure that the errors introduced by the cut-off do not affect the result.
The third candidate – the convolution theorem which saved the day for open systems (see previous section) – can not be applied for the dipolar field calculations in systems with PBC. Although
the magnetization configuration is now periodic by the very definition of PBC, the interaction
between various replicas of the simulated system is qualitatively important (in fact, this interaction is the main reason to use such boundary conditions at all) and hence the dipolar interaction
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can not be truncated at any distance. This means, that the second condition necessary for the application of the convolution theorem – the finite support of the convolution kernel – is violated.
The last hope in this situation is the Poisson equation
∆φ = −4πρ (r )

(3.12)

where ρ(r) is the density of artificial ‘magnetic charges’ defined via the magnetization M(r) as
ρ(r) = – div M(r). This equation enables (see below) to establish the connection between the Fourier components of the magnetization configuration {M(r)} and the magnetic potential φ. This
connection can then be applied to calculate φ or the stray field Hdip = – grad φ itself. However, the
straightforward application of this method may lead to disastrous results, as we shall demonstrate
below.
To explain the principal difficulty arising in the Poisson equation method, we shall apply this
method directly to the lattice of point magnetic dipoles µi which charge density ρi can be
expressed as ρi = µi·grad(δ(ri)) [Landau1975]. For a 2D Nx x Ny lattice of magnetic dipoles the
total charge density is

ρ (r ) ≡ ρ (r|| , z ) = −δ ( z ) ⋅

Nx ,N y
i, j

ij

⋅∇δ (r|| − rij )

(3.13)

where the lattice plane is the 0xy-plane; the vector r|| and vectors rij which define the lattice node
locations lie in this plane. For simplicity we also assume that magnetic dipoles also lie in the lattice plane so that µij = µ xij ex + µ yij ey. For such a lattice with PBC the charge density (3.13) is also
periodic in the 0xy–plane. Hence, using the expansion of µij and δ(rij) into Fourier series and δ(z)
– into the Fourier integral, we obtain the Fourier expansion of the charge density as

ρ (r|| , z ) = −

+∞
i
iq r
⋅ dq z ⋅ eiqz z ⋅
µ x (q|| )qx + µ y (q|| )q y ⋅ e || ||
2π ⋅ ∆S −∞
{q|| }

(3.14)

Here ∆S = ∆x ∆y is the single cell area, µ x(y)(q||) are the Fourier transforms of the dipole component arrays and the sum is taken over the wave vectors q|| corresponding to the simulated lattice.
Performing the same Fourier transformation for the magnetic potential φ, applying the Laplace
operator to this Fourier transform, substituting the result and the expansion (3.14) into (3.12) and
using the orthogonality properties of the Fourier harmonics, we obtain the Fourier components of
the magnetic potential as
x
y
4π ⋅ i µ (q|| )qx + µ (q|| )q y
ϕ (q|| , qz ) = −
⋅
∆S
q2

(3.15)

where q2 = q||2 + qz2. For further calculations the Fourier components of this potential in the 0xyplane φ(q||, z = 0) are required. They can be evaluated by integrating φ (q||,qz) over qz leading to

ϕ (q|| , z = 0) = −

x
y
2π ⋅ i µ (q|| )qx + µ (q|| )q y
⋅
∆S
q||

(3.16)

The Fourier components of the dipolar field Hdip(r) can be found using the standard relation
Hdip(r) = – grad(φ(r)). For the Fourier components it reads Hx(y)(q||) = – i·qx(y)·φ (q||) so that for
Hdip(q) one finally obtains
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x
2
y
2π µ (q|| )qx + µ (q|| )qx q y
H (q|| , z = 0) = −
⋅
∆S
q||
x

(3.17a)

x
y
2
2π µ (q|| )qx q y + µ (q|| )q y
H (q|| , z = 0) = −
⋅
(3.17b)
∆S
q||
According to (3.17), the real-space stray field components at the lattice nodes Hx(y)(rij) (where
magnetic moments are located) can apparently be obtained in the following way: (i) calculating
the Fourier components µ x(y)(q||) of the magnetization arrays µijx(y) using FFT (~ N logN operations), (ii) multiplying them by the corresponding components of the wave vector q|| to obtain the
Fourier transform (3.17) of the stray field Hx(y)(q||) (~ N operations) and (iii) performing the
inverse FFT to obtain the real space components of Hdip (again ~ N logN operations).
y

The final formulae (3.17) look exactly as the corresponding stray field computation recipe for the
open boundary conditions (3.11): the Fourier transform of the stray field is the product of Fourier
transforms of the magnetization configuration and the interaction kernel. However, for the PBCcase this result was obtained in a completely different way (using the Poisson equation). This
derivation does not take into account some peculiarities of the finite element method (in contrast
to the result (3.11) for the open boundary conditions) and we will demonstrate now that the
straightforward application of (3.17) does by no means guarantee correct results for systems with
periodic boundary conditions discretized into finite elements.
To illustrate this circumstance, we consider the simplest example of a single dipole placed in the
middle of the lattice (i = Nx/2, j = Ny/2), with all other sites empty. The answer for this case is
well known: the scalar potential of the stray field should be equal to the potential of a single point
dipole (shown in Fig. 3.6 as hollow circles), at least if we neglect the contribution of the ‘replicated’ dipoles appearing due to PBC; for a sufficiently large 2D lattice corresponding corrections
should be small everywhere except the simulation area borders. The numerical answer obtained
using the algorithm for solving the Poisson equation outlined above (direct application of (3.17))
is shown in the same Fig. 3.6 as the solid line. This wildly oscillating function has obviously very
little in common with the correct behaviour of the analytical answer (open circles).
3

φdip
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Fig. 3.6. Potential of a single dipole placed in the middle of a 32 x 32 lattice: correct analytical result (circles)
and numerical result obtained using the Fourier components (3.17) obtained from the solution of the
Poisson equation. See text for further explanations.
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This disaster is due to the following two circumstances. First, for a finite periodic lattice we have
to our disposal only a finite number of the Fourier components. Second, the Fourier components
of the scalar potential (3.16) and the corresponding field (3.17) do not tend to zero for the large
values of the wave vector q (for the stray field they even diverge as ~ q when q
. The first
circumstance forces us to cut-off the Fourier spectrum of the dipolar field at the maximal
available wave vector components qx ~ 1/∆x and qy ~ 1/∆y where ∆x and ∆y are the single cell
sizes. Due to the second fact this leads to the sharp cut-off of the stray field Fourier-spectrum.
Such a sharp cut-off results, as it is well known, in large artificial oscillations of the field itself.
In some cases this problem does not manifest itself because the variation of the magnetization
components along the lattice is slow (e.g., due to the exchange interaction between the neighbouring cells). This means that both µ xij and µ yij are smooth functions of the node position (i,j).
Hence their Fourier components µ(q||) for large wave vectors qx ~ 1/∆x and qy ~ ∆y are small
resulting in small Fourier components of the stray field (see (3.17)). In this case the cut-off of the
stray field Fourier spectrum does not introduce any substantial oscillations, because the spectrum
components for large q'
s are already small by themselves. This is the reason why the direct evaluation of the dipolar field using the relations like (3.17) can provide satisfactory results (see, e.g.,
[Mansuripur1990, Giles1991]).
However, in many systems such a nice behaviour of the magnetization components is not the case. For example, in polycrystalline extended films rapid changes of the magnetization between
the neighbouring cells are possible if the exchange across the grain boundaries is weakened. The
second case where such rapid changes are unavoidable is the simulation of the patterned structures (arrays of nanowires or nanodots) where the magnetization disappears by crossing the border
between magnetic and non-magnetic (empty) lattice cells. The problem is always present also in
the simulations of the thermodynamical properties of lattice models [Hucht1995, Chui1996] where differences between adjacent magnetic moments are large at least above the ordering temperature. In all these examples the error resulting from the sharp cut-off of the stray field Fourierspectrum is uncontrollable and hence a method to resolve this difficulty is clearly needed.
The difficulty described above is actually well known already for several decades: it was noticed
first when calculation of the Coulomb sums in ionic crystals were performed (see, e.g., the textbook [Slater1967]). In such calculations the divergence of the Fourier spectrum for the Coulomb
kernel is even more pronounced than for the dipolar case due to the slower decay of the Coulomb
interaction when compared with the dipolar one. The solution of this problem for ionic crystals is
known as the Ewald method, which can be adopted for the dipolar interaction also (see [DeBell2000] and Ref. therein). In this section we briefly describe one of the simplest realizations of the
method [Berkov1998b]; the version outlined below also allows the straightforward generalization
for systems of cells having finite and different sizes in all spatial directions.
Following the basic idea of the Ewald method we add and subtract at each lattice node (i,j) (carrying the point dipole µij) an artificial Gaussian dipole with the charge density
1
ρij (r ) = −
(2π )3/ 2 a 5

(x − )

xij µijx

(

+ y−

)

yij µijy

⋅ exp −

(r − rij )2
2a 2

(3.18)

The choice of the '
dipole width'a will be discussed later (here and below the δ(z)-dependencies
of the charge density are omitted for simplicity). One can easily verify that the total dipole moment of the distribution (3.18) is –µ
µij. After this operation the charge density of the system can be
written as the sum of two parts,
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ρ (r ) = ρ A (r ) + ρ B (r )

(3.19)

where the first part

ρ A (r ) = −

Nx ,N y
i, j

1
ij ⋅∇δ (r|| − rij ) −
(2π )3 / 2 a5

Nx ,N y
i, j

(x− )

xij µijx

(

+ y−

)

yij µijy

⋅ exp −

(r − rij ) 2
2a 2
(3.20)

contains ρ(r) of the initial point dipoles system given by (3.13) and the contribution of the ‘negative’ Gaussian dipoles (3.18). The second part
1
ρ B (r ) = −
(2π )3 / 2 a5

Nx ,N y
i, j

(x − )

xij µijx

(

+ y−

)

yij µijy

⋅ exp −

(r − rij )2
2a 2

(3.21)

represents the density of the ‘positive’ Gaussian dipoles and is added to cancel the second sum in
(3.20) thus restoring the initial charge density.
The purpose of this addition-subtraction of the Gaussian dipoles is the same as in the standard
Ewald method [Kittel1953, Slater1967]. First we note that the total dipole moment of the first
part ρA(r) connected with each lattice site is zero (at each lattice site the total moment of the negative Gaussian dipole exactly compensates the point dipole moment of the initial system). For
this reason the field created by each lattice site due to ρA(r) rapidly tends to zero and may be treated as a short-range interaction. On the other hand, the second part ρB(r) of the charge density is
smooth (it consists of the smooth Gaussian distributions), so that the field created by this part can
be safely calculated using the Poisson equation technique (see the discussion above).
More precisely, the field created by the first part of the magnetic charge density ρA(r) associated
with the lattice site (i,j) is
H Ax ,ij (r )

=

3( x − xij )(
(∆rij )

ij ∆rij )
5

−

µijx
(∆rij )3

(∆rij )2
2 ( x − xij )( ij ∆rij )
f G (∆rij ) −
⋅ exp −
π
(∆rij )5
2a 2

(3.22)

(substitute y for x to obtain Hy-components), where ∆rij = r – rij and the function fG(r) is defined
via the standard error function erf(x) as
f G (r ) = 1 − erf

r
a 2

+

2 r
r2
⋅ exp − 2
π a
2a

(3.23)

Field (3.22) decays for r >> a as ~ exp(–r2/2a) and hence by the evaluation of the field HAdip due
to the part A of the charge density only the contributions from several nearest neighbours of each
cell (for which ∆rij ~ a) should be taken into account. This means that the HAdip -evaluation takes
~ N operations for the whole lattice.
The field HBdip due to the second part of the charge density (3.21) can be calculated exactly as it
was done for the lattice of point dipoles (see (3.12) - (3.17)). The result is that the Fourier components of HBdip can be obtained from the Fourier transform (3.17) of the field created by the point
dipoles by multiplying the expressions (3.17) by the factors exp(–q||2a2/2). These factors assure
that HBdip(q||) tend to zero for large wave vectors so that the spectrum cut-off due to the finite
number of the Fourier components used does not lead to any artificial field oscillations.
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The last methodical problem is the choice of the Gaussian dipole width a. From (3.22-23) it can
be seen that a should be chosen as small as possible to ensure rapid decay of the short-range field
HAdip, so that by its calculation only the contributions from the few nearest neighbours should be
taken into account. On the other hand, a should not be too small, because otherwise the factors
exp(–q||2a2/2) responsible for the decay of the large-q Fourier components of HBdip will be not
sufficiently small even for the largest available wave vector components qxmax ~ 1/∆x and qymax ~
1/∆y. We found that the choice a = max(∆x, ∆y) for which the contributions from the three nearest neighbour shells have to be taken into account by the HAdip -evaluation provides the optimal
compromise between the calculation speed and accuracy: the relative error in Hdip due to the cutoff of the short-range part (3.22) by the stray field evaluation was always less than 10-3.

4. Energy minimization methods
The choice of the best methods for the magnetic energy minimization is crucially important for
solving micromagnetic problems because in order to handle magnetic structures of practically
relevant physical sizes one usually has to discretize the simulation region in ~ 104 – 106 cells. In
addition, already the nature of the static problems to be solved in micromagnetics is very different for different systems (not to mention dynamic and thermodynamic tasks, see Sec. 6): there
are problems including soft and hard magnetic materials, localized and extended magnetization
structures, bulk and thin film geometries etc. For this reason it is highly unlikely that the universal minimization method to handle all micromagnetic problems will be ever found, so we are forced to search for the best method for each specific problem. This requires the knowledge of advantages and disadvantages of at least all standard minimization techniques. In this section we
give a brief review of most minimization algorithms commonly used in micromagnetics and discuss some new ideas concerning this topic.
As we shall see, the task of choosing the best minimization method is very far from being accomplished. The only thing about which a general agreement seems to exist is the termination criterion: in almost all modern simulation packages the criterion based on the reduced torque is used.
Namely, the minimization is stopped when a torque acting on each magnetic moment is smaller
than some threshold: |[mi x hieff]| < ε. The values ε = 10-3 – 10-4 are usually small enough in the
sense that no further changes in the equilibrium magnetization state are observed if smaller ε are
used. This criterion provides information about the state of each cell (particle) moment and hence
is more sensitive than the alternative criterion when the minimization process is terminated if the
total energy change during a single iteration is sufficiently small.
Starting the discussion about the choice of the minimization method, we recall first that, due to a
complicated interplay of various physical interactions, almost any magnetic system has many
configurations (metastable states) delivering energy minima to this particular system. Among
them there is obviously one global minimum, but it is by no means the only state being of practical interest. For this reasons we should first distinguish between the algorithms searching for (i)
the nearest (to the starting magnetization configurations) local energy minimum (ii) the global
energy minimum which is unique for the system under study and should not depend on the state
we start the minimization from.
In general, the search for the global energy minimum should be performed using the simulated
annealing methods (for a simple introduction see [Press1992]). These methods are by their very
definition quite slow so that at present there is no sufficient experience how to apply them to large-scale micromagnetic problems. For this reason we do not intend to discuss the search of the
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global energy minimum of magnetic systems and draw our attention to the problem of finding
the nearest local (quasi)equilibrium or (meta)stable system configuration.

To find such a local minimum, we can adopt one of the following strategies:
•
•

•

Apply some standard numerical method for the minimization of many-variable functions
Solve the equations of motion for the system magnetization (i.e., in the Landau-Lifshitz-Gilbert form). The dissipative term present in such equations drives the system towards the equilibrium so that after a sufficiently long integration time an equilibrium system state can be
achieved with any desired accuracy.
Organize an iteration procedure based on the fact that in the equilibrium state the magnetization should be aligned parallel to the corresponding effective field. A simple alignment of each
cell moment along this field in each iteration does not work, as we shall see below, but it is
always possible to construct a closely related algorithm which surely converges.

Below we analyze all three groups listed above. Our analysis is restricted to those algorithms
where the stray field is evaluated directly (using FFT, FFT-Ewald or a direct summation). The
latest development of the minimization methods in systems where the magnetodipolar interaction
is treated using the Poisson equation (see p. 2.2) can be found, e.g., in [Gibbons1998, Yang1998].
4.1. Standard minimization technique: conjugate gradients
The three most commonly used minimization techniques for many variable functions are the steepest descent method, the method of conjugate gradients and various quasi-Newton (variable
metric) methods [Gill1981, Acton1990, Press1992].
To choose among these methods we should take into account the following features of a micromagnetic problem:
(a) The number of independent variables N is extremely large ( ~ 104 – 106)
(b) We can calculate the energy gradient – the effective field Heff = –δE/δM in the continuous
formulation, which reduces to hieff = – E/ mi after the problem discretization
(c) In principle it is possible to calculate the Hessian matrix (matrix of the second derivatives)
of the energy also. However, the size of this N x N matrix would be so large (see (a)) that even
its storage would be a real problem – not to mention any operations with this matrix like its
multiplication by a vector or even inversion.
The first standard method mentioned above – the steepest descent method is known to converge
extremely slowly due to its feature to perform many small iteration steps going down along the
long and narrow ‘valley’. This behaviour is observed even for functions with a relatively simple
contour surfaces, so that the usage of this method does not make any sense in micromagnetics.
The feature (c) from the above list makes unfeasible also the usage of various quasi-Newton
methods [Press1992]: these methods, trying to build up an approximation to the inverse Hessian
matrix of the energy, require at least ~ N2 operations (for the matrix update) at each iteration.
Hence conjugate gradient methods (CGM) are the only reasonable candidates among standard
numerical methods for the function minimization. They are used indeed by several groups involved in classical micromagnetic [Williams1990] and fine particle [Fredkin1992, Berkov1996a]
simulations and in some commercial micromagnetic packages [ARM]. However, these methods,
when applied to micromagnetic problems, still have serious disadvantages.
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First of all we note that to implement conjugate gradients we must transfer from Cartesian to
spherical coordinates of magnetic moments (and to rewrite corresponding formulas for the effective field and energy evaluation). The reason is that during the remagnetization process the
magnitude of the magnetic moment should remain constant (|M| = MS) and hence its Cartesian
components are subject to the restriction Mx2 + My2 + Mz2 = Const. This means that these
components are dependent variables which does not allow to use them by the implementation of
CGM, because the construction of a set of conjugate directions obviously fails when dependent
variables are used.
Transition to spherical coordinates (θm, φm) leads, however, to another well known technical
problem [Nakatani1989, Williams1990]: if a particle moment is sufficiently close to the polar
axis (θm 0 or θm π) then its small movements can lead to arbitrary changes of φm. If not properly avoided, these instabilities result at least in a very slow convergence of CGM. In the worst
case they lead even to a failure to build up properly a corresponding set of conjugate directions,
so that the method gets stuck at some magnetization state which only fault is the unfortunate
orientation of some moments with respect to the spherical axes arbitrary chosen by the user.
If only a single equilibrium state must be found, starting from the configuration sufficiently close
to this state, then the solution of this problem is known [Williams1990, Berkov1996a, Ramstock1997]. Namely, we can choose for each moment its own separate spherical coordinate system
with polar axis sufficiently far from the initial moment direction. It is usually enough to choose
between two different systems with the polar axis along, say, z- and x-axis of Cartesian coordinates. In this case the instability may not arise because during the minimization all moments will
remain sufficiently far from the polar axis of their coordinate systems.
The situation becomes much worse if we are interested in a sequence of equilibrium states achieved, e.g., during the remagnetization process (simulations of the hysteresis loop). In this case
magnetic moment of each cell can change its orientation by an angle ~ π whereby the trajectory
of a this moment movement on the unit sphere may be arbitrary complicated. This difficulty forces to implement the general conjugate gradient algorithm for micromagnetic problems in the following way [Berkov1996a, Ramstock1997].
First, having at our disposal some starting state, we choose for each moment a corresponding
spherical coordinate system according to the rule introduced above (the polar axis should be as
far as possible from the moment direction). Then, at every iteration of the energy minimization
process we check for each moment whether it has approached a polar axis of its spherical coordinates. If for any moment its polar angle θm is less than a certain critical angle θcr, then the spherical coordinate system for this moment is changed and the conjugate gradient method is restarted
from the current state. This restart is necessary, because after changing the coordinate system all
information collected about the conjugate direction set is useless1.
Obviously the performance of the method constructed this way depends on the critical angle
value θcr used to decide whether the CGM should be restarted. This value should not be too small
to avoid the instabilities described above. On the other hand, too large θcr -values would cause the
algorithm to restart too often, which leads to the loss of efficiency. We investigated this question
'
experimentally'for a system of fine single domain magnetic particles with the dipolar interaction
1

In principle, it might be possible to develop an algorithm which would transfer the information already collected
into this new coordinate system. However, such an algorithm is expected to be rather complex due to the non-linear
relation between the spherical coordinates of a given point in different spherical systems
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[Berkov1996a] and found that in this case the optimal θcr - value is
means be considered as a universal constant.

5o, but this value can by no

The conjugate gradient method with the modifications described above can, in principle, be used
for solving any quasistatic micromagnetic problem. However, we point out in advance that the
performance of CGM is significantly decreased due to the restarts of the method needed to keep
the moments away from their polar axes. It was shown, at least in several important cases [Berkov1996a, Ramstock1997, LopezDiaz1999] that CGM is much slower than the equation of motion techniques and advanced relaxation methods described below. The discussion concerning the
comparison of different methods is postponed till the end of this Section.
4.2. Equation of motion techniques and simple relaxation methods
Equation of motion techniques (and closely related simple relaxation methods) are very popular
both by solving classical micromagnetic problems [Bertram1988, Nakatani1989, Berkov1993,
YuanBert91 etc.] and by simulating fine particle systems [Zhao1992, Vos1993, Berkov1996a]
due to their physical transparency, guaranteed convergence and a large experience accumulated
in numerical analysis for solving systems of ordinary differential equations (equations of motion).
The basic idea of all these methods is to build up a relaxation procedure using equations of motion for a magnetization in an effective field:

γ
dM i
= −γ ⋅ M i × H ieff − λ ⋅
⋅ M i × M i × H ieff
dt
MS

(4.1)

where i is the cell (particle) number and Hieff is the effective field acting on the corresponding
magnetization. The constant γ (> 0) is equal to the gyromagnetic ratio γ0 in the small damping
limit when the reduced damping constant λ
0. The second term on the right-hand side in (4.1)
is constructed to account for the energy dissipation and hence the solution of these equations
should converge to the equilibrium magnetization configuration (energy minimum) in the limit t
. This means that after solving (4.1) for a sufficiently long time we are able to obtain the
magnetization state arbitrary close to the equilibrium2.
If we are not interested in simulations of the magnetization dynamics the first term responsible
for the precession of Mi around the effective field can be omitted, reducing the problem to the
solution of the system of ordinary differential equations (ODE)
dM i
= −λ ⋅ M i × M i × H ieff {M} .
dτ

(4.2)

Here all constants have been absorbed into the reduced time τ = t·γMS and the effective field dependence for each moment on the entire magnetization configuration {M} is explicitly indicated.
There exist a huge variety of methods for solving ODE-systems like (4.1-2). The major goal of
the most sophisticated of them - such as the predictor-corrector or Richardson extrapolation [Gear1971, Acton1990, Press1992] - is to allow for a maximal time step maintaining sufficiently
high accuracy. In our case the task is much simpler: we do not need to control the accuracy of
our solution but merely have to assure its stability. This means that we must only check that the
system energy decreases after each integration step.
2

By the way, Eqs. (4.1-2) explain why the torque convergence criterion |[mi x hieff]| < ε may be used: only the component of the effective field Hieff perpendicular to the direction of the moment causes its movement.
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Unfortunately, for most micromagnetic problems the equations of motion are extremely ‘stiff’
due to the competition between the strong short-range exchange stiffness interaction and relatively weak, but long-range dipolar forces. This means, that even merely to keep the solution stable
we have to perform very small integration steps (typically ∆τ ~ 10-4 – 10-3) using standard explicit methods for the solution of ODE’s. And all established implicit methods developed especially
for solving such stiff ODE-systems require the inversion of the system matrix for each time step.
This inversion, being an ~ N 3-process for the N x N matrix, is absolutely out of question in our
case (N may be ~ 106) so that the application of these methods seems to be impossible.
For this reason we have suggested that a version of the simplest possible explicit method – the
Euler method – may provide satisfactory results when combined with a rather simple adaptive
step-size control [Berkov1993]: if the energy after the integration with the time step ∆τ increases,
the magnetization configuration before this step is restored and the integration is tried again with
the time step ∆τ/2. On the other hand, to avoid unnecessarily small time steps we try to double ∆τ
if several (~ 5 – 10) steps with the same ∆τ have been successful (the energy decreased steadily).
From the mathematical point of view this algorithm is related to the steepest descent method, because the rotation of the moment towards the effective field direction corresponds to the movement in the local gradient direction (keeping in mind that the magnitude of a moment should be
kept constant). An important advantage of the algorithm described above is that only one function
evaluation per iteration is required because we do not search an energy minimum in the gradient
direction. And even better, because we do not perform a minimum search for each iteration, we
may move closer to the energy valley floor, than the standard steepest descent. This, in turn,
means that the moment movements for two subsequent iterations are not necessarily perpendicular to each other, which also may lead to a faster convergence when moving along a curved
valley floor. The simple relaxation algorithm outlined above performs surprisingly well, being at
least in some cases much faster than conjugate gradients [Berkov1996a, LopezDiaz1999]. Further
discussion is again postponed till the end of this section.
4.3. Advanced relaxation methods combined with the extrapolation techniques
Being confronted with a relatively poor performance of the standard minimization techniques (especially the conjugate gradients) and equations of motion approaches based on the known
methods for the ODE solution we have tried to design our own minimization method for handling
micromagnetic problems. The resulting Modified Steepest Descent and Relaxation (MSDR) algorithm developed by A. Hubert, K. Ramstöck and the author was briefly described in [Berkov1996a] and in more detail – in the PhD work of K. Ramstöck [Ramstöck1997]. For the sake of
completeness we present here its short description.
The algorithm consists of three stages:
(i) At the first stage several simple relaxation steps are made. The simple relaxation step
means that the system moments are rotated in the effective field direction according to the
equation (4.2) (thus moving the point representing the system state in the direction of the
local antigradient of the energy E)
mi( k +1) = mi( k ) − α rel ⋅ mi( k ) × mi( k ) × hieff,(k ) {m ( k ) }

(4.5)

The step length αrel is chosen so that the energy value decreases. If after such a simple relaxation step the energy increases, we return to the previous state {m(k)}, decrease the step
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αrel

αrel /2 and try again. The halving of αrel is repeated until it is small enough to ensure

the decrease of energy – exactly as in the simple relaxation method described above (see
subsection 4.2).
(ii) If during several (typically ~ 10) subsequent simple relaxation steps with a constant αrel
the energy steadily decreases, we perform the full energy minimization in the local antigradient direction, i.e., we perform the move (4.5) with the step length αrel chosen to minimize the energy value E (let us denote the corresponding length as αE). Usually αE is several hundred times larger than αrel, which means that after several simple steps (4.5) with
relatively small step length we are able to make a huge step in the desired direction.
(iii) The third stage is the minimization of the gradient norm of the target function. In our
case this means minimization of the reduced torque norm
G=
i

[mi × hieff ]

2

(4.6)

along the gradient direction starting from the point where we have arrived after the previous
stage. It means that we perform the step (4.5) choosing αrel to minimize the sum (4.6). The
purpose of this stage is to determine the step length for the subsequent simple relaxation
steps (stage one): αrel for the next simple relaxation steps is adjusted starting from αrel
obtained during this gradient norm minimization.
These three stages are repeated in the order described above until the convergence criterion
(max(|[mi x hieff]|) < ε, see above) is satisfied.
For many problems (simulations of the equilibrium domain wall structures in thin films [Ramstöck1997], magnetic nanodots for MRAM applications [Berkov2000], thermodynamical action
minimization for transitions between metastable states in fine magnetic particle systems [Berkov1998a]) this method has provided the acceleration up to several hundred times when compared with the standard steepest descent algorithm and the ‘equation of motion’ methods. It was
also shown to be at least several times faster even in comparison with the preconditioned conjugate gradient method (NAG-library) [Ramstöck1997] when the latter could be applied.
Such an acceleration is obviously due to the large step length αE during the second stage (ii) (the
full energy minimization). Obviously, the rigorous proof why should αE always be so large is
hardly possible, because we know too little about the energy landscape of the minimized
functions (and we do not claim that our method shall be the best in a general case). However, we
can try to explain why αE can often be much larger than the corresponding step of standard minimization algorithms like the steepest descent. To do this, we remind first of all that the steepest
descent algorithm always (at each iteration) tries to minimize the function in the antigradient
direction (so that each step is a full minimization step in our notation). This leads to well known
oscillations across the energy valley because, if the starting point is on one of the valley slopes,
then the local antigradient vector is directed towards the valley floor (not to the function
minimum and not along the valley). Thus performing the function minimization along this direction one lands on the opposite valley slope (and not on its floor, see, e.g., [Acton1990, Press1992]). These jumps between the two slopes may continue for quite a long time, creeping slowly
towards the function minimum along the valley.
In our method we do not minimize the function along the antigradient direction during the relaxation steps of the first stage - we merely choose αrel so that the energy E decreases. This leads to
26

the step length αrel usually less than it would be if the full minimization along the antigradient
direction is performed. Hence, if we start from the point on the valley slope, after our simple
relaxation step we can land closer to the valley floor than after the full function minimization.
After several such steps we can finish so close to the valley floor that the energy antigradient at
our location is directed almost along the valley (i.e., towards the desired energy minimum), thus
allowing us to do a really large step when performing the energy minimization along the
antigradient direction (the second stage).
The third stage is necessary to adjust the relaxation step αrel because after performing the function
minimization we can jump so far that the curvature and the depth of the valley may change substantially. We note that although the minimization of the gradient norm does not necessarily lead
to the decrease of the energy itself, it was almost always the case.
4.4. Alignment methods
The underlying idea for these methods (which, by the way, were the first ones used in the micromagnetics [Brown1965]) is due to the basic assumption that the magnitude of magnetic moments
cannot be changed (the material is assumed to be well below its Curie point) so that during the
minimization process only the moment rotation may occur. This means that to reach an equilibrium it is sufficient to achieve the state where each magnetic moment is parallel to the effective
field at the corresponding point. In such a state no further rotation of magnetic moments may
occur, which can be seen also from (4.1-2): in this case all vector products on the right-handsides of the equations of motion are zero.
This insight leads to a following ‘algorithm’:
Step1: Align each moment along the corresponding effective field Hieff
Step2: For the state obtained, reevaluate Hieff everywhere
Step3: Check whether the convergence criterion is met.
If not, accept this new state and go to Step1.
If yes, we are done
It is quite evident that the scheme based on (Step1)-(Step3) only is unlikely to succeed in practice
in a general case (although some successful applications of this algorithm were reported). The
simplest way to understand the reason for this failure is to realize that the algorithm sketched
above is nothing else but an attempt to solve a system of non-linear equations
mα ,i = eαh ,i {m}

(4.3)

(eh = Heff /H is a unit vector along the effective field, α = x, y, z, and i = 1, ..., N), substituting
iteratively mα,i(k+1) = ehα,i{m(k)}, where {m(k)} is the magnetization configuration for the k-th iteration. It is a textbook result that already in a 1D case the corresponding method for solving the
equation x = f(x) by simply putting x(k+1) = f(x(k)) converges if and only if |df/dx| < 1 for the whole
interval where we try to find a solution. There is absolutely no reason why inequalities analogous
to this one should hold in a general case for (4.3). Although the iteration process outlined above
can not diverge for a micromagnetic problem (both mα,i and ehα,i are restricted due to the condition mi = ehi = 1), the algorithm can enter a non-convergent cycle, what it really does.
The simplest solution for this problem is to use the underrelaxation procedure: instead of aligning each moment along the effective field direction, we update the moments according to the rule
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mi( k +1) = (1 − α i ) ⋅ mi( k ) + α i eh( k,i)

(4.4)

where the αi are called the underrelaxation parameters. After each iteration according to (4.4) all
vectors mi are normalized to preserve the moment magnitudes. Making α’s sufficiently small we
can reduce the rotation angle for each moment thus avoiding the cyclic behaviour of the algorithm and assuring its convergence.
In standard micromagnetic problems we do not expect any significant advantages of the algorithm based on (4.4) when compared to the simple relaxation employing (4.2). First of all, if FFTmethods for the stray field evaluation are applied, we are practically forced to use identical
underrelaxation parameters αi for all moments, because we have to move all of them simultaneously (otherwise the gain achieved due to the application of FFT is completely lost). Hence we
have no information to adjust α’s for each moment separately (such information could be obtained only analyzing changes occurring after a single moment move). Second, due to the strong
exchange interaction present in such systems small α-values are usually necessary to avoid cycling mentioned above. And when all α’s are identical and small, then the alignment method practically reduces to the simple relaxation algorithm (4.2), because for small α’s the move (4.4) together with the subsequent moment normalization - leads almost to the same result as the
rotation (4.2).
The situation is completely different in systems where the stray field cannot be evaluated using
the FFT (at least at the present state of the art); typical examples are disordered systems of fine
magnetic particles, magnetic nanocomposites, systems discretized using the irregular mesh. In
this case the sequential movement of single moments is not only possible, but even highly desirable: first, the effective field can be re-evaluated after the movement of each moment (‘in place’) substantially decreasing the total iteration count; second, the analysis of the changes taking
place after a single moment rotation enables the adjustment of the underrelaxation parameters αi
for each moment separately.
Such an analysis, performed for a disordered system of fine magnetic particles with the dipolar
interaction [Berkov1996a] enabled to develop a highly efficient (at least for this case) minimization method with the local adjustment of the relaxation step. The information required for such
an adjustment was gained by analyzing the increments of each particular moment during the iteration. This way the simple moment oscillations (with the period of two iteration steps, where
mi(k) mi(k-2)) could be detected and the relaxation parameter αi was adjusted to avoid them.
Although conceptually very simple, for the system studied in [Berkov1996a] the method was
shown to be several times faster than the conjugate gradient algorithm and equation-of-motion
method. The largest gain was observed especially for small single-particle anisotropy values,
where due to the interparticle interaction the cooperative remagnetization processes take place
and hence the computation time required for the energy minimization is particularly high.
__________________
After the description of each group of the minimization methods presented above one would expect the detailed comparison of the performance of all these methods for typical micromagnetic
problems. Unfortunately, such a comparison is still not available. We know only three papers
[Berkov1996a, Ramstöck1997, LopezDiaz1999] containing a systematic comparison of various
minimization methods at least for some particular systems, but all these studies are incomplete.
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In [Berkov1996a] the disordered system of fine magnetic particles with the dipolar but without
the exchange interaction was studied. It was shown that for this system the alignment method
with the local adjustment of the relaxation parameter is better than both the equation of motion
technique and CGM. However, it is evident that these results can not be transferred to the classical systems treated in micromagnetics because (i) there exist a strong exchange coupling in these
systems and (ii) in most cases the stray field is evaluated using the FFT technique which does not
allow the local adjustment of the relaxation step (see above).
The PhD thesis of K. Ramstöck [Ramstöck1997] contains the detailed description of the newly
developed MSDR method and its comparison with the preconditioned CGM for several domain
wall configurations. It is clearly demonstrated that MSDR is superior with respect to CGM for all
configuration studied (especially for lattices with a large number of finite elements). Another advantage of the MSDR is its much smaller memory requirements (as compared to the large amount
of memory required by the preconditioner routines used in connection with CGM). But the
MSDR method, although being highly promising, is too new to allow any final conclusions.
Another attempt to compare various micromagnetic solvers was done in [LopezDiaz1999], where
two typical problems – (i) search for the equilibrium magnetization state for a rectangular Permalloy plate and (ii) study of the Bloch wall interacting with a non-magnetic inclusion – were
used to analyze the performance of various solvers. It was found that for the first problem the
simple relaxation methods perform better than CGM (not to mention the steepest distance), but
for the second problem CGM was found to be significantly (several times) faster than the simple
relaxation. Unfortunately, the implementation of the simple relaxation method in [LopezDiaz1999] seems to be incorrect (no adjustment of the relaxation step during the minimization
procedure was done), so that the results obtained there should be revised at least at this point.
It is clear from this short discussion and the brief comparison presented above that the systematic
and detailed study of various minimization methods is still necessary to provide recommendation
that could be used for the majority of micromagnetic problems. Further development of new
methods and refinement of the existing ones is also highly desirable.

5. Equilibrium magnetization structures and quasistatic remagnetization
processes
5.1. Nanosized magnetic elements
Recent advances in numerical micromagnetics reviewed above have provided powerful and reliable methods for computer simulations of quasistatic and dynamic remagnetization processes in
small thin film elements (with lateral sizes in a sub-µm region). Such simulations are necessary,
in particular, for the development a new generation of computer memory – the so called magnetic random access memory (MRAM) [Wang1997, Tehrani1999]. As shown above, numerical
tools enable us to take into account quantitatively the most important magnetic, geometric and
structural features of sub-µm thin film elements: their polycrystalline structure, distribution of
magnetic anisotropy axes of crystal grains, exchange weakening on the intergrain boundaries,
ferro- or antiferromagnetic coupling between different magnetic layers, various element shapes,
structural defects on the element border etc. In this subsection we show a few our most interesting results that may play an important role in optimizing practical applications of magnetic
nanoelements.
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A. Single-layer elements: remanent states and hysteresis loops
One of the most challenging problems by constructing an MRAM-cell is the optimization of the
soft magnetic layer, i.e., the layer that should switch in a relatively small magnetic field generated
by the current pulses in the word and bit lines. The current strength in these wires is strictly limited due to the heating effects so that the maximal available switching fields are of the order
Hmax ~ 100 Oe. This restriction requires a careful optimization of the shape and other parameters
of the soft magnetic layer in order to combine a sufficiently high stability of the remanent state of
this layer with a relatively low switching field value. Below we show how this problem can be
handled, taking layers with relatively simple shapes as an example.

Fig.5.1. Various types of the remanent state (shown as grey-scale maps of the horizontal - mx - magnetization
projection) for the magnetically soft rectangular element with the lateral sizes a x b = 150 x 300 nm2 and
thickness h = 2 nm (obtained starting from the saturated state)

The first step is to find out which types of the remanent states for such elements prepared from
the soft magnetic materials are possible (starting from the saturation). Performing corresponding
simulations, we have confirmed that all four well known types of the remanent states (C-, Cinverse, S and S-inverse magnetization configurations - see Fig. 5.1) can be observed for all
element shapes studied – squares, various rectangles with rounded corners and elliptical elements. Which type of the remanent state is obtained, depends mainly on the particular realization
of the crystallite configuration in the given element.
The study of such remanent states is really important, because the remanent state we start from is
crucial for the switching mode of such soft magnetic nanoelement. To show this, we have simulated the remagnetization of such an element in magnetic field of crossed wires with the geometry
close to that expected in real MRAM-cells (two perpendicular wires with the cross-sections 300 x
300 nm2, magnetic nanoelement placed in-between of them).
For the switching starting from the S-state an almost homogeneous remagnetization takes place
(Fig. 5.2), whereby the remagnetization starting from the C-state leads to the formation of complicated magnetization structures including 360o domain walls. These walls form due to the opposite initial deviations of moments (from the vertical 0z-axis) in quasi-domains near the short element sides (Fig. 5.1). The last type of a switching process should obviously be avoided in
MRAM-cells, so that the S-type of the remanent state must be enforced somehow.

30

1.0

Mz/MS

mz

0.5

-1.00

-0.75 -0.50 -0.25

0.0
0.00

Mz/MS

1.0

0.5

0.0
0.25

0.50

0.75

1.00

-1.0

-0.5

0.0

0.5

1.0

H / Hmax

H / Hmax
-0.5

-0.5

-1.0

-1.0

Fig. 5.2 The nearly uniform remagnetization of the
rectangular soft (Py) magnetic element
starting from the remanent state of S-type
(mx gray-scale maps). The element sizes are
300 x 150 x 2 nm; Hmax 450 Oe
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Fig. 5.3 Switching of the same element as shown in
Fig. 5.2 starting from the C-state. Formation
of a 360o domain wall is clearly visible;
Hmax 900 Oe
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Fig. 5.4. Remagnetization of a square soft magnetic
element with rounded corners (from the C-state);
Hmax 450 Oe
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Fig. 5.5 The same as in Fig. 5.4 for the element with
the side ratio a:b = 2:3; Hmax 220 Oe

The next problem is the optimization of the lateral shape of the soft magnetic layer. Studying the
remagnetization processes in rectangles and elliptical particles with different aspect ratios, we
could show, that, e.g., for a rectangular element there exists an optimal ratio of the rectangle
sides in the following sense:
• for rectangles with approximately equal sides the remanent state was quite unstable already
in small negative fields due to the formation of the central domain (Fig. 5.4)
• for the rectangle with the side ratio a:b = 1:2 even for the uniform remagnetization mode
the switching field Hsw was too high for the MRAM-applications (Hsw 230 Oe) due to the
relatively large form anisotropy
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• rectangles with the side ratio a:b 2:3 seem to represent an optimal compromise having
both sufficiently high stability of the remanent state and relatively low switching field due
to the moderate form anisotropy (Hsw 130 Oe, see Fig. 5.5)
Further we have also studied the effects of the homogeneous uniaxial anisotropy induced in the
soft element, influence of the average crystallite size, the intergrain exchange weakening and the
boundary roughness on its the switching behaviour etc. Corresponding results will be reported in
detail elsewhere.
B. Double-layer elements: remagnetization of artificial antiferromagnets (AAF)
Another important problem by the MRAM-development is the stabilization of so called reference
layer - the layer which magnetization direction should be constant during the operation of the
MRAM-cell. One of the possible concepts of such a reference layer is based on the so called artificial antiferromagnet (AAF) – a double-layer element with the opposite orientations of the layer
magnetizations due to a strong interlayer AF exchange coupling. This coupling should provide
magnetization stability of the AAF layer placed next to the switchable soft layer. The AAF-layer
should be ‘hard’ enough to assure that its magnetization configuration is (i) homogeneous and (ii)
does not change substantially in the fields used for the switching of the soft layer. Then the state
of this AAF-layer can serve as a reference magnetic state with respect to the soft layer by measuring the corresponding changes of the resistance of this sandwich structure due to the flip of the
soft layer magnetization. It is clear that simulations of such an AAF may provide useful insights
into its expected remagnetization behaviour.
Below we present one example of such simulations where also typical parameters expected for an
AAF in MRAM-cells have been used: lateral size a x b = 300 x 300 nm, equal layer thicknesses h
= 1.5 nm, spacer thickness d = 1.0 nm, magnetic parameters as for the cubic modification of Co
-6
(saturation magnetization MS = 1400 G, exchange stiffness constant A = 10 erg/cm, cubic aniso6
3
tropy constant Kcub = –1.0 x 10 erg/cm , 2D random distribution of the cubic anisotropy axes),
3
AF interlayer coupling Jaf = 0.4 erg/cm . A random crystallite structure inside each layer with the
mean crystallite size <D> = 30 nm was generated using the method described in subsection 3.1.

Fig. 5.6 Uniform switching mode of
the double-layer AAF

Fig. 5.7 Complicate switching mode of the AAF
o
with the formation of 360 domain walls

The most striking result of our simulations is the existence of many remagnetization modes for
the same macroscopical initial conditions and material parameters (see Fig. 5.6 and 5.7). For dif32

ferent realizations of the random crystallite structure of magnetic layers with all other parameters
being completely identical very different remagnetization processes were observed. The variety
of the switching modes found in our simulations covered the whole spectrum from almost homogeneous (and hysteresis-free) remagnetization (where magnetic moments of the upper and lower
layers simply rotate in the opposite directions due to the AF interlayer coupling, see Fig. 5.6) up
o
to complicate remagnetization processes where even 360 domain walls with different rotation
senses inside a single wall were identified (Fig. 5.7).
It is clear that only remanent states shown in Fig. 5.6, namely those with the almost homogeneous magnetization of both AAF layers, are allowed for an MRAM-cell to be fully functional.
Complicated domain structures like shown in Fig. 5.7 would result in an unacceptable loss of the
signal amplitude (the latter is proportional to the difference of the CPP-magnetoresistances between the states with two opposite orientations of the magnetization of the soft layer placed above
the AAF). Hence any domains in the AAF-layers should be avoided. The simplest suggestion to
enforce the homogeneous magnetization rotation when preparing the remanent state of AAF is to
produce (in addition to the random crystallite anisotropy) uniform uniaxial anisotropies in both
AAF-layers. Corresponding anisotropy axes in the upper and lower layers should be slightly
tilted into opposite directions with respect to the saturating external field. This would force the
magnetization of the upper and lower layer to rotate homogeneously inside each layer in the
opposite directions with respect to each other when the external field is decreased, thus ensuring
the uniform remagnetization mode.
5.2. Extended thin films and patterned structures
Simulations of extended thin magnetic films require the application of periodic boundary conditions if the sample size in at least one of the lateral directions exceeds several micrometers. In
this case the major difficulty is the calculation of the magnetodipolar interaction field, which
should be done by combining the FFT and Ewald techniques as explained in subsection 3.3.B. In
all examples listed below we have used this combination refined to allow the handling of finite
size rectangular cells (in contrast to the point dipoles used in 3.3.B).
A. Hysteresis loops and ripple structures in extended films
The conceptually simplest problem dealing with the remagnetization of thin magnetic film is the
magnetization reversal in an extended film occurring via the formation of famous ripple structures (see [Hubert1998] for a recent review). The simulation procedure in this case is straightforward: we start with the magnetization saturated in the initial direction of the external field and
gradually decrease and then reverse this field.
A corresponding example is given in Fig. 5.8. Here simulations of a 2.5 x 5 µm large area of a
Permalloy thin film (using periodic boundary conditions) were performed. The film thickness
was d = 5 nm and an additional homogeneous anisotropy in the 0x-(horizontal) direction was added to the random crystallographic anisotropy to assist the ripple formation. It can be seen that
the ripple structure is visible quite well already in the remanent state. The coercive force (Hc
10 Oe) is higher than normally observed for Py films, which may be due to the finite size effects
and large average crystallite size (<D> 40 nm) chosen for the demonstration purposes.
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Fig. 5.8. Simulation example of thin film remagnetization via the formation of the ripple structure (shown as
mx-grey-scale maps)

Using such simulations the dependence of the microscopic ripple structure parameters (like the
correlation length in the direction perpendicular to the external field and the characteristic wavelength in the direction parallel to it) and the macroscopic parameters of the corresponding hysteresis loop can be studied. A detailed example of such a study performed using the point-dipole
approximation for the stray field evaluation can be found in [Berkov1998b].
B. Critical fields for the domain wall motion
Another important problem which can be studied using the methods described above is the determination of the critical field for the domain wall motion in thin films. The examples of corresponding simulations are presented in Fig. 5.9a and 5.9b.

Full intergrain
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Fig. 5.9a. Determination of the critical field for the domain wall motion in an extended thin film with the full
intergrain exchange

To determine the critical field we have first to create the domain wall inside the simulation area.
We do this by starting the simulations from the magnetization configuration where magnetic
moments in the right half of the simulated region are aligned along the positive direction of the
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0z-axis and the moments on the left side have the opposite direction (see the rightmost image in
Fig. 5.9a). This way we enforce the formation of the Neel domain wall in the middle of the
simulation rectangle. To prevent the formation of the second wall with the opposite rotation
direction on the vertical area borders, we set the exchange coupling across these borders to zero.
After reaching the equilibrium in the zero external field starting from the initial state described
above we begin to increase the field in the direction opposite to the 0z-axis, thus trying to move
the domain wall to the left (the right domain growths, the left domain vanishes). As long as the
field is less than the (quasistatic!) critical field of the domain wall motion, the configuration
remains stable (first three points in Fig. 5.9a). But as soon as external field is able to overcome
the wall pinning caused in this case by the crystallite borders (due to the different directions of
the anisotropy axes in different crystallites) the wall starts to move what can be seen as well on
the magnetization structure maps as on the remagnetization curve. The corresponding critical
field is marked in Fig. 5.9a as Hcr and is in this case Hcr 3 Oe.
Intergrain exchange
weakening: κ = 0.1
-0.10

-0.08

Hcr
-0.06

-0.04

2.5 x 2.5 µm

-0.02

0.0
0.00

Hz / MS
0.02

-0.5

-1.0

Finite size effects

Mz / MS

Wall Wall pinned on the
jump intergrain boundaries

Fig. 5.9b. The same as in Fig. 5.9a for the intergrain exchange weakening κ = 0.1

Imperfections on the intergrain boundaries are known to serve as strong pinning centers. Indeed,
assuming that the exchange across these boundaries is 10 times weaker than the normal exchange interaction inside the grain, we have observed a strong increase of the corresponding critical
field (see Fig. 5.9b) up to Hcr 25 Oe. The method also allows the study of the Hcr –dependence
on the grain size, anisotropy value and other magnetic and geometric parameters of the film.
C. Remagnetization of patterned magnetic structures
Simulations of patterned magnetic structures also require the application of periodic boundary
conditions, especially if the interaction between the structural units are thought to be important.
The simplest case of such a structure is an array of single-layer nanodots, which may have different lateral shapes. Below we present simulation results for an array of circular nanodots.
In both cases shown below in Fig. 5.10(a ,b) the simulation area contained an array of 4 x 4 nanodots. The total size of the simulation area was 5 x 5 µm2 and this area was discretized into
256 x 256 cells. The dots were assumed to consist of Permalloy with the dot thickness h = 10 nm
and other parameters as indicated in the figure captions.
The main difference between the cases shown in the two figures is due to the interdot interactions. For the separated dots (Fig. 5.10a) with smallest distance between the dot borders being
about 140 nm the interaction between different dots plays no role at all, which can be recog35

nized by considering the magnetization structures of various dots: they are totally uncorrelated,
beacuse the interdot interaction is negligible (the interdot spacing (140 nm) is much larger than
the dot thickness (10 nm)). Such a remagnetization occurring via the individual dot switching
leads to a relatively broad hysteresis loop (Fig. 5.10a).
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Fig. 5.10a. Remagnetization process in an array of separated circular Permalloy nanodots. Dot diameter is D
= 500 nm, the distance between the dot centers ∆ = 640 nm, dot thickness h = 10 nm. The absence of any
correlations between the magnetization structures of different dots is clearly visible.

In contrast to the separated dots shown above, the system of closely placed dots (Fig. 5.10b) demonstrates a switching process dominated by the cooperative behaviour of the array units: magnetization structures of all dots are nearly the same and the resulting hysteresis loop is much
narrower than for the individual switching.
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Fig. 5.10b. The same as in Fig. 5.10a, but for the closely placed nanodots (D = ∆ = 640 nm). The collective
nature of the remagnetization process is evident

5.3. Quasistatic remagnetization in nanocomposites: individual particle switching
and cooperative remagnetization processes
Magnetic nanocomposites are a class of advanced magnetic materials consisting of magnetic nanoparticles embedded into a matrix with magnetic properties different from those of particles
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themselves (including a non-magnetic matrix). Their well-controlled production has became available during the last decade. Currently such materials are a subject of growing interest due to
their great technical potential: they are believed to be the most promising candidates for designing permanent magnets [Hadjipanayis99], interesting candidates for the development of sensors
using the GMR- and CMR-effects (see, e.g., [Altbir1998, Kuzminski1999]) and the first choice
for high density particulate recording media [OGrady99].
Numerical simulations of magnetic nanocomposites lie somewhat aside from the main road of
numerical micromagnetics. On one hand, simulations of nanomagnets consisting of two magnetic
phases are more difficult than standard micromagnetic simulations of homogeneous materials
[Schrefl1994a,b]. On the other hand, in nanocomposites, where magnetic particles are embedded
into a non-magnetic matrix, the exchange interactions between these particles is absent. This
leads to a completely different behaviour of such systems making them closer to the spin glasses,
than to ‘normal’ ferromagnets.
However, as it should be clear from the impressive list of the potential applications of nanocomposites given above, such simulations are very important from the point of view of the applied
physics. Due to the similarity between certain kinds of such composites and the spin/dipolar
glasses corresponding research is also very interesting from the fundamental point of view.
In this subsection we will briefly discuss numerical simulations of quasistatic remagnetization
processes in the interacting Stoner-Wohlfarth model – a disordered system of single-domain
magnetic particles with the uniaxial anisotropy and a magnetodipolar interaction between them.
Results for the remagnetization dynamics are presented in Sec. 6.
Simulations of the quasistatic remagnetization behaviour of such systems can be performed using
all the methods discussed in Sec. 4, whereby due to the spatial the FFT methods for the calculation of the dipolar field can not be applied (at least not directly, see [Deserno1998] for a detailed discussion). For this reason the alignment methods with the local adjustment of the relaxation
parameters (see Sec. 4.4) seem to be the best ones, having decisive advantages both over the
conjugate gradients and the equation-of-motion algorithms. In [Berkov1996a] we have reported
simulations on an antique HP-712/60 MHz workstation on systems having up to 4 x 103 particles
which was more than enough to keep statistical errors for all physical quantities of interest in
frames of a few percent (in the worst case).
For a disordered fine particle system there exists also an alternative (with respect to the ‘true’ numerical simulations) possibility to obtain remagnetization curves - the so-called random field approximation (RFA). In this approximation any physical quantity for a system of interacting particles is evaluated as a convolution of the corresponding quantity for an ideal (non-interacting)
system and the distribution density of the interaction field ρ(hint). For example, the magnetization
as the function of the external field h0 can be calculated as
m(h 0, z ) = m (0) (h) ⋅ ρ (h − h 0 ) ⋅ dh

(5.3)

where m(0)(h) denotes the magnetization of an ideal system.
Before pointing out the obvious advantages of this method, we emphazise already here the major
drawback of RFA: in this approximation all interparticle correlations - in our case correlations
between particle magnetic moments - are neglected. Indeed, according to (5.3) the interaction
field on each particle hiint is considered as a random variable with some a priori known distribution density. Hence hiint on the given particle is not correlated with the orientations of its moment
or neighbouring moments. For this reason we expect RFA to fail for systems where collective
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remagnetization processes are important, i.e., systems with low single-particle anisotropy values
and moderate and high concentrations of the magnetic phase.
The big advantage of the RFA is that the calculation of magnetization curves in this approximation are very simple and fast: we need merely an effective and reliable method for the evaluation
of the integral (5.3) for given system parameters. Obviously, this integral can be evaluated only
numerically, because both multipliers in the integrand - the ideal magnetization dependencies
m(0)(h) and the distribution density of the interaction field ρ(hint) - can be obtained only numerically even for the Stoner-Wohlfarth model. However, this is a minor problem: first, the ideal
magnetization curve can be calculated once and for all with any desired accuracy. Second, to
generate quickly the interaction field with the desired distribution3 ρ(hint) the following straightforward procedure may be applied [Berkov1996a].
As for real simulations, a random but non-overlapping particle configuration with randomly oriented anisotropy axes is generated. Using the magnetization state obtained in the previous field
value (saturated state for the first field), we evaluate the interaction field on each particle using,
e.g., the improved Lorentz cavity method. Then these interaction fields are ‘redistributed’ randomly between particles: the dipole field acting on the i-th particle was set to hjint, where j i is
chosen randomly. This way the interaction field distribution corresponding to the given orientation degree of magnetic moments is generated and the field acting on each particle is not correlated with its position and magnetic moment orientation - as required by the RFA (5.3).
After generating all interaction fields an equilibrium moment orientation for each particle can be
found using the alignment method described above. It works in this case extremely fast because
we do not need to reevaluate interaction fields during the iteration process. In principle, corresponding equilibrium orientation angles can be tabulated even in advance (for the given anisotropy value) as a function of the anisotropy axis orientation and the total field (which in this case
would be a sum of the external field and random interaction field). This table can then be used to
evaluate the equilibrium moment orientation for any anisotropy axis direction and interaction
field value encountered by simulations by a simple interpolation. This trick would result in
further acceleration of RFA calculations, but we did not use it because the computational effort to
obtain hysteresis loops with the accuracy better than 1% using RFA was negligible even when the
iterative alignment procedure was used.
The methodologically most relevant question concerning such simulations is the validity region
of the RFA, i.e., for which particle anisotropies β and volume concentrations c does the RFA provide adequate results. To answer this question, we have performed simulations for systems with
single-particle anisotropy constants 0.0 β 10.0 and particle volume fractions 0.01 c 0.32
using RFA and compared them with the results of ‘true’ simulations carried out using the
alignment method (i.e., where the actual interaction field evaluation for each iteration was used).
As a measure of the error introduced by the RFA we have chosen an integral difference between
hysteresis loops computed using RFA mzRFA and ‘real’ simulations mzsim, normalized on the
hysteresis loop area Shyst:

δ=

1
Shyst

mzRFA (hz ) − mzsim (hz ) ⋅ dhz

(5.4)

3

The behaviour of the interaction field distribution with the growing particle concentration is fairly complicate,
changing from restricted Lorentzian for small particle volume fraction to nearly Gaussian for large concentrations
[Berkov1996c]
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For those (β,c)-values where this quantity is small (δ << 1) RFA can be considered as valid and
used by the numerical treatment of quasistatic remagnetization processes as a much faster alternative to ‘real’ simulations. Contour lines on the (β,c)-plane corresponding to the difference values
δ = 0.02, 0.1, 0.2 are shown in Fig. 5.11 (note the logarithmic scale of the β -axis). If we consider a relative difference of 10% (δ = 0.1) as acceptable then the dashed area on the Fig. 5.11
represents the RFA validity region. It can be seen that, as expected, for higher particle concentrations larger anisotropy values are required to make the RFA valid.
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Fig. 5.11 Phase diagram in the anisotropy-concentration coordinates showing the validity region of the random field approximation (dashed area). The diagram is based on the integrated relative difference δ
defined in (5.4) between hysteresis loops calculated using RFA and ‘real’ simulations. Above the solid
line corresponding to δ = 0.1 this difference is small enough to justify the RFA usage.

This diagram has also an important physical sense because it can be viewed as a ‘phase diagram’
showing the regions on the anisotropy-concentration plane where either single-particle or collective remagnetization processes dominate the quasistatic behaviour of the system. Indeed, the
main RFA assumption that the interaction field is not correlated with the particle position and its
magnetic moment orientation means that all collective remagnetization processes are neglected.
Hence the failure of the RFA signals the establishing of the collective remagnetization behaviour,
so that the solid line in the Fig. 5.11 can be considered as a '
phase boundary'on the (β,c)-plane.
Above this boundary the remagnetization processes are dominated by the single-particle and
below it - by the collective behaviour. Only below this line the collective spin-glass-like behaviour (like a phase transition to a ‘frozen’ state) can be expected.
_________________________
From the point of view of potential applications hysteresis loops of such systems are of a major
interest. A typical set of hysteresis loops for various anisotropy values (for a particle concentration c = 0.16 as an example) is shown in Fig. 5.12.
It can be seen, that for the high anisotropies β ~ 5 – 10 the loops for an interacting system are
close to ideal hysteresis loops for a non-interacting Stoner-Wohlfarth model [Wohlfarth1948].
For such high anisotropy practically the only effect of the interparticle interaction is to remove
the square-root singularity in the static magnetic susceptibility of the corresponding non-interacting system [Berkov1988]. For intermediate anisotropy values interaction effects gradually became more important and finally, for small anisotropies these effects completely determine the
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hysteretic behaviour of the system. In particular, for β < 0.3 hysteresis loops do not depend on the
anisotropy constant value at all and practically coincide with the loop for isotropic particles (β =
0, see Fig. 5.12). From the fundamental point of view this feature - the existence of the hysteresis
in a collection of fully isotropic particles – is quite interesting, arising solely due to the collective
interparticle interaction effects. It was first predicted in [Berkov1990] and its existence was later
confirmed in [Fredkin1992, Zhao1992].
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Fig. 5.12 Hysteresis loops for the particle concentration c = 0.16 and various single-particle anisotropy values
β as shown in the figure. Note the hysteretic behaviour for the system of isotropic particles (β = 0.0) - see
text for details

The two most important parameters of the hysteresis loop - reduced remanence jR mz(hz=0) and
coercivity hc are shown as functions of the particle anisotropy β and particle volume concentration c in Fig. 5.13.
It can be seen that for large anisotropies the remanence jR depends on c only slightly (Fig. 5.13a)
and its value is very close to the remanence jR(0) = 0.5 of a non-interacting system of particles
with a uniaxial anisotropy and a chaotic distribution of easy anisotropy axes. For very low anisotropy values the jR(c) dependence approaches the limiting curve for β = 0 when the concentration
increases (Fig. 5.13a).
The coercivity for large anisotropies also depends on the particle concentration only slightly and
is again very close to the ideal Stoner-Wohlfarth value hc ( Hc/MS) 0.48β [Wohlfarth1948].
The decrease of hc with growing particle concentration for large anisotropy values results from
the influence of the effective field fluctuations due to the interparticle interactions. Such fluctuations always reduce the number of metastable states in a system if these states result from singleparticle effects [Ziman1979].
The most interesting feature of the coercivity concentration dependence is its non-monotonic
behaviour for systems of particles with small anisotropies, where hc is determined entirely by the
interaction effects (see the corresponding curve for β = 0 in Fig. 5.13b). The coercivity maximum
near c 0.15 is quite flat but clearly beyond statistical errors. A possible explanation of this
behaviour can be given as follows. When the particle concentration increases starting from very
small values the interaction effects responsible for the hysteretic behaviour (by small singleparticle anisotropy values) became more pronounced leading to the initial increase of hc(c) dependence. When the concentration increases further, a short-range spatial order is formed
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[Ziman1979] so that a degree of disorder for larger concentrations is reduced. This leads to the
decrease of hc: it is well known, that the hysteresis is absent for a fully ordered particle system at
least for cubic and hexagonal lattices.
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Fig. 5.13. Concentration dependencies of the remanence jR (a) and coercivity Hc/MS (b) for various anisotropy
values indicated on the figures.
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6. Equilibrium and non-equilibrium thermodynamics: Langevin dynamics,
Monte Carlo method and path integrals
We turn now our attention to simulations of the dynamic remagnetization processes taking into
account thermal fluctuations, i.e., to the study of the equlibrium and non-equlibrium thermodynamics of magnetic systems.
In our contribution we are not going to discuss studies of the remagnetization dynamics without
temperature fluctuations. This problem, although technically quite difficult, reduces formally to
the integration of the corresponding equations of motion (in most cases the Landau-Lifshitz form
(4.1) is used) and the only task to be treated is the choice of the optimal method for the solution
of these equations. Numerical analysis has accumulated, as it was already mentioned in Sec. 4.2,
a nearly exhaustive experience in solving systems of ordinary differential equations (see e.g.,
[Gear1971, Press1992] etc.). Of course, there exist several serious problems specific for
numerical micromagnetics; the interested reader may consult the recent very detailed and also
pedagogically excellent introduction to this area by J.Miltat et al. [Miltat2001].
6.1. Fast remagnetization processes: Langevin dynamics vs. Monte Carlo method
A. Langevin equations as the first choice for short times and significant precession effects
Straightforward simulations of the remagnetization dynamics taking into account thermal
fluctuations amount, in contrast to the previously mentioned topic, to the solution of the so called
stochastic differential equations, which is by far a more difficult and a highly non-trivial task.
To be more specific, we restrict ourselves to the usage of the stochastic Landau-Lifshitz-Gilbert
equation [Brown1963b] for the magnetic moment motion in its standard form
d i
= −γ ⋅
dt

i

× (H ieff + H ifl ) − λ ⋅

γ

⋅
i

i

×

i

× (H ieff + H ifl )

(6.1)

Here the precession constant is equal to the gyromagnetic ratio γ0 in the limit of small damping
λ << 1. The deterministic effective field Hieff acting on the i-th magnetic moment includes all the
contributions mentioned in Sec. 1 (external field, anisotropy field, exchange field and magnetodipolar interaction field). The fluctuation field Hifl will be discussed below.
First we would like to point out that we will not discuss here whether this equation can be considered as a generally best choice, because this problem is far beyond the scope of this chapter. For
the same reason we cannot address the question how to chose the damping parameter λ. We only
point out that this parameter accumulates both the information about various energy dissipation
mechanisms in magnetic systems [Suhl1998] and effects resulting from the finite-element approximation of the continuous magnetization field [Feng2001]. For these reasons λ depends, generally speaking, both on the characteristic time and length scales involved in each specific problem.
Hence it is not allowed to use the damping value obtained from, e.g., the FMR data for simulation
of, e.g., dynamics of the domain wall motion. An interesting recent discussion concerning this
question can be found in [Thiaville2001].
We focus now our attention on thermal fluctuations which are included into the description of the
magnetic moment motion via the so called fluctuation (Langevin) field Hifl in (6.1). It is usually
assumed that its Cartesian components are δ-correlated in space and time [Brown1963b]
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Hξfl,i = 0
Hξfl,i (0) ⋅ Hψfl, j (t ) = 2 D ⋅ δ (t ) ⋅ δ ij ⋅ δ ξψ

(6.2)

(here i, j are the moment indices and , = x, y, z). The noise power D can be evaluated using the
fluctuation-dissipation theorem and is proportional to the system temperature T and depends on
and the damping constant :
D=

λ kT
⋅
1 + λ 2 γµ

Using the unit vector of the magnetic moment m = µ/(MS ∆V) (where MS denotes the material
saturation magnetization and ∆V is the volume of a discretization cell or a fine particle if a disordered system of single-domain particles is studied), the reduced magnetic field h = H/MS, and the
reduced time = t MS, we can rewrite (6.1) as
dm i
= − mi × hieff + hifl
dτ

(

)

(

− λ ⋅ mi × mi × hieff + hifl

)

(6.3)

The problem which arises when solving the equation (6.1) (or (6.3)) – and many groups involved
in numerical micromagnetics are still unaware of – is that these equations can by no means be
interpreted as the usual differential equations. This fact can be easily demonstrated using the
simplest analogue to (6.1) – the equation of motion for a single particle in a viscous medium in
the presence of thermal fluctuations
x=

1

η

Fdet (t ) + a( x, t ) ⋅ ξ L (t )

(6.4)

Here denotes the friction coefficient dependent on the particle geometry and the fluid viscosity,
Fdet is the deterministic force acting on the particle and L is the reduced random (or Langevin)
force. It is normally assumed to be a random variable with the Gaussian distribution and correlation properties analogous to those of the random field projections (6.2):

ξ (t ) = 0,

ξ (0) ⋅ ξ (t ) = 2 D ⋅ δ (t )

(6.5)

with the fluctuation power D ~ T. The ‘good’ function a(x,t) is introduced to show, e.g., that the
noise characteristics may be coordinate- and time-dependent.
Now, an attempt to integrate Eq. (6.4) as a usual differential equation unavoidably leads to the
integral of the type
t

W (t ) = ξ (t ′) ⋅ dt ′
0

This integral obviously represents some kind of a random process, because its integrand is a random variable. From the correlation properties (6.5) it can be easily deduced that W(t) is the so
called standard Wiener process, better known among the physicists as the Brownian motion
[Gardiner1997]. The unpleasant feature of this process is that it is not differentiable – the ratio
(W(t+∆t) – W(t))/∆t diverges in the limit ∆t
0 almost surely (the latter does not mean, that
there still exist a small hope that this limit is finite – consult any handbook on stochastic processes for the corresponding exact definition). Because the derivative dW/dt = (t) does not exist,
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in the usual sense the equation (6.5) including this derivative does not exist also and hence can
not be interpreted as a ‘normal’ differential equation.
There exist, fortunately, a possibility to assign a correct meaning to the relations like (6.4) and
(6.1). The heuristic way to do this is to rewrite the product (t)dt as the differential of the Wiener
process (t)dt = dW and to try to define the integrals containing this differential
I = a( x, t ) ⋅ dW (t )
analogously to the standard Riemann-Stieltjes integrals as the limit of corresponding partial sums
I = lim

n

n →∞ i =1

a ( x(τ i ),τ i ) ⋅ ∆W (∆ti ) = lim

n

n→∞ i =1

a ( x(τ i ),τ i ) ⋅ [W (ti ) − W (ti −1 )] ,

(6.6)

The points i where the values of the integrand should be evaluated lie, as usual, somewhere inside the interval [ti-1, ti].
The first problem is how to define this limit. In stochastics one has - in contrast to the standard
analysis - four possibilities (see, e.g., [Gardiner1997], Chap. 2.9); fortunately, one of them – the
limit defined in the mean square sense – is convenient enough to develop the complete analysis
of such stochastic integrals. The second problem is that this limit itself – and not just the values
of partial sums in (6.6) – depends on the choice of the intermediate points i (see [Gardiner1997],
Chap. 3 for a simple but impressive example). This fact is in a heavy contrast to the standard analysis where the independence of the limit of Darbu sums on the choice of intermediate points is
one of the cornerstones when building the integral calculus.
The only way to cope with this second problem is to introduce some standard choices of the intermediate points and to find the best choice from the point of view of the statistical physics. Currently there exist two such standard choices:
• the intermediate points i coincide with the leftmost points of the interval: i = ti-1; in this
case we speak about the Ito stochastic integral
• the intermediate points i are in the middle of the interval: i = (ti-1 + ti)/2; in this case we
obtain the Stratonovich stochastic integral
It is well known that Ito and Stratonovich interpretations of a stochastic equation lead to different
solutions if the noise in this equation is multiplicative - i.e., the random term is multiplied by
some function of the system variables. In this case usually the Stratonovich interpretation provides physically correct results, recovering, e.g., some important properties of physical random processes obtained using more general methods [Gardiner1997].
The noise in the Langevin equations (6.3) (or (6.1)) is obviously multiplicative, because due to
the vector products the projections of the random field Hfl are multiplied by the magnetic moment
projections. This fact was noticed already in the pioneering paper of Brown [Brown1963b] who
suggested that the Stratonovich interpretation of the this equation should be used. For quite a long
time afterwards the question was abandoned because analytical solutions of (6.3) are available
only in a few simplest cases and computers were not powerful enough to enable numerical studies of really interesting magnetic systems.
During the last decade, however, corresponding numerical simulations became available and
many research groups have performed the studies of remagnetization processes in various systems using solving Eq. (6.3) – see [Garcia1998, Zhang2000, Berkov2002, Scholz2001, Lyberatos1993, Nakatani1997] etc. For such simulations the question concerning the choice of the sto44

chastic calculus is of primary importance, because different numerical methods converge to different kinds of stochastic integrals. The Euler scheme and the simple implicit methods obviously
converge to the Ito solution, Heun and Milstein schemes are known to converge to the Stratonovich limit [McShane1974] and Runge-Kutta schemes can converge to anything (including the inbetween cases) depending on the coefficients used there [Ruemelin1982]. Most authors [Garcia1998, Berkov2002, Scholz2001] and commercial micromagnetic packages [ARM, LLG] use the
Heun and Runge-Kutta methods (simply because they are by far more stable than the Euler
method) converging to the Stratonovich solution, but several groups employ the Ito-converging
Euler [Zhang2000, Lyberatos1993] and implicit schemes [Nakatani1997]. The last two papers
were seriously criticized in [Garcia1998] where it has been claimed once again that only the Stratonovich interpretation ensures the physically correct solution of (6.3) so that results obtained
with methods converging to the Ito integrals should be discarded as incorrect.
In this subsection we shall prove analytically - and support our proof with numerical experiments
- that if the time evolution of the system is governed by the stochastic equation (6.3) then there is
no difference between the system behaviour for Ito and Stratonovich interpretations of this equation. The only additional condition is that the magnitude of magnetic moments is assumed to be
constant4. This is the case in the overwhelming majority of models developed for the description
of magnetic systems, e.g., in the classical Heisenberg model, in models describing RKKY spin
glasses and fine magnetic particle systems [Dotsenko1993, Hansen1998] and in standard micromagnetics [Brown1963a] (the last example represents probably the most relevant research area
from the practical point of view).
First of all, we note that the fluctuation field in the dissipation term on the right-hand side of (6.3)
can be omitted; although the particular realizations of the system trajectories will be different
then, the average system properties (which are the only being of practical interest) remain the
same if the noise power D is rescaled correspondingly - see, e.g., [Garcia1998, Braun2000]. Thus
we can restrict ourselves to the study of a simpler equation
dm i
= − mi × hieff + hifl
dτ

(

)

− λ ⋅ mi × mi × hieff

(6.7)

The most straightforward way to show why the multiplicative noise in (6.7) does not lead to any
difference between the Ito and Stratonovich interpretations of this equation is to analyze the additional drift term appearing by the transition between the Ito and Stratonovich forms. Namely, it is
well known [Kloeden1995], that if one adds to the system of stochastic ODE'
s
dxi
= Ai (x, t ) + Bikξ k
(6.8)
dt
k
the deterministic drift term D

jk

B jk (∂Bik / ∂x j ) , then the Ito solution of this new system
dxi
= Ai (x, t ) + D
dt

jk

B jk

∂Bik
+
∂x j

k

Bikξ k

(6.9)

is equivalent to the Stratonovich solution of the initial system (6.8). Comparing (6.8) with the
LLG-system (6.7) which we are interested in, we can immediately see that in our case the matrix
B is Bik = j ε ijk m j , so that the drift term D jk B jk (∂Bik / ∂x j ) reduces to
4

The deterministic Landau-Lifshitz-Gilbert equation conserves the moment magnitude anyway. However, as we
shall see below, this is not automatically the case for its stochastic analogue (6.1).
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dm i
= −2 Dmi
dτ

This drift is directed along the magnetic moment mi thus trying to change its magnitude which is
forbidden by the model. For this reason this term must be discarded which means that for stochastic dynamics of models with rigid dipoles (dipoles with constant magnitudes) there is no
difference between the Ito and Stratonovich solutions of corresponding stochastic ODE's.
The mathematical reason why the multiplicative noise in (6.7) does not lead to the difference between its Ito and Stratonovich interpretations is that Cartesian coordinates of magnetic moments
are not independent variables: due to the condition that the magnitude of each moment should be
kept constant they are subject to the restriction mx2,i + m y2,i + mz2,i = 1 . The independent variables in
this case are spherical coordinates (θ,φ) of the magnetic moment unit vector m. After transition
to these coordinates the stochastic part of (6.7) which we have to analyse reads [Brown1963b,
BraunSMD00]
dθ
= hϕfl
dτ
1 fl
dϕ
hθ
=−
dτ
sin θ

(we have omitted the moment index i for simplicity), so that the matrix B responsible for the drift
mentioned above is
Bθθ Bθϕ
0
1
=
B=
Bθϕ Bϕϕ
−1/ sin θ 0
It is straightforward to verify that this drift is exactly zero: D

jk

B jk (∂Bik / ∂x j ) = 0 (here i,j,k =

1,2 and x1 = θ, x2 = φ). Hence we arrive at the same result that Stratonovich and Ito stochastic integrals are equivalent in this case.
At this point we would like to mention that the opposite statement was made in [Garcia1998]
where the authors claimed to show that Ito and Stratonovich stochastic calculus are not equivalent in stochastic micromagnetics. The authors of [Garcia1998] have used the formalism of the
Fokker-Planck equation (FPE) which describes the temporal and spatial evolution of the probability distribution of the magnetization orientation P(m,t). They have demonstrated that an additional drift term (mP)/ m arises in the FPE derived from the Ito interpretation of the Langevin
equation when compared with the Stratonovich one (see p.14940 in [Garcia1998]). Unfortunately, Garcia-Palacios et al. did not take into account exactly that point which we have emphasized
in our study: that Cartesian coordinates of magnetic moment are not independent. For this reason
one can not use the FPE written in these coordinates to compare Ito and Stratonovich without introducing the restriction |m| = 1 explicitly. In particular, the additional drift term (mP)/ m appearing in the Ito interpretation of FPE should be excluded from this equation because it leads to the
drift of the probability density along the magnetization vector. This can be clearly seen after transition to spherical coordinates of m - (m, θ, φ ) - where this drift term reduces to (mP)/ m. This
means that it tries to change the moment magnitude, which is again forbidden by the model. We
would like also to add that this mistake does not influence the interesting physical results obtained in [Garcia1998], which contains a comprehensive study of the single-particle thermodynamics.
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To support our conclusion concerning the equivalence of the Ito and Stratonovich integrals when
solving (6.3), we have performed numerical experiments simulating equilibrium and non-equilibrium properties of a disordered system of magnetic dipoles. We have solved the stochastic LLG
equation (6.3) using methods converging either to its Ito (Euler scheme) or Stratonovich (driftmodified Euler and Heun schemes) solutions. We note that by numerical solution of (6.7) Cartesian coordinates are often preferred, because no instabilities like those observed in spherical
coordinates near the polar axis can occur. During such simulations one has to normalize the
moment vector mi after each new integration step (and also by evaluating the derivatives at the
intermediate points, if necessary) in order to conserve the moment magnitude.
As the first example we have computed the equilibrium energy distribution for a single magnetic
particle with the uniaxial anisotropy energy Ean = – KVcos2 only (here V is the particle volume,
K - its anisotropy constant and - the angle between the particle moment and its anisotropy axis).
For this purpose we have simulated the motion of a single magnetic moment without the external
field solving (6.3) (for a relatively small damping λ = 0.1 and a moderate temperature kT/KV =
1.0) using different numerical methods mentioned above. After the system have reached the thermodynamic equilibrium (which may be verified, e.g., by checking that the energy does not exhibit any systematic change) we have started to record the particle energy at each integration step.
After a sufficiently long simulation time the distribution of these energy values must coincide (in
frames of statistical errors) with the corresponding equilibrium Boltzmann distribution. The latter
can be easily calculated analytically for such a simple system and is
p(ε ) ∝ exp(−ε / T ) ⋅

1
−ε

(6.10)

where the reduced energy ε = – 0.5 cos2 may vary in the interval [-0.5; 0]. The inverse square
root in (6.10) comes from the density of states in spherical coordinates.
Energy distribution histograms obtained from the simulations employing different integration
schemes are shown in Fig. 6.1. Here numerical results are compared with the analytical
distribution (6.10) displayed as the thin solid line (the region near the zero energy value is not
shown because of the inverse square root singularity in (6.10)). It can be clearly seen that all three
histograms – obtained with (i) the Euler method (Ito solution), (ii) Euler method augmented with
the drift term from (6.9) and (iii) Heun method (both Stratonovich solutions) perfectly coincide
with the analytical result.
The second example deals with magnetic relaxation of a disordered fine particle system. For this
study we have chosen a disordered system of identical particles with the same uniaxial anisotropy
Ean = – KVcos2 and aligned anisotropy axes. In such a system without the dipolar interaction all
particles have the same energy barriers ∆E = KV separating two energy minima along the two opposite direction of the anisotropy axes. Thus magnetic relaxation from the state where all magnetic moments are aligned along one and the same direction of the anisotropy axes should follow
the exponential law m(t) ~ exp(– τ/τc), where the relaxation time τc depends exponentially on the
relation ∆E /kT. Corresponding simulation results for particles with the reduced anisotropy constant β = 2K/MS2 = 2.0 and the damping λ = 0.1 at the temperature kT/KV = 0.5 are presented in
Fig. 6.2a. Here the m(τ)-relaxation curves obtained using the same three numerical methods listed
above are shown. Again, the perfect coincidence (in frame of statistical errors) of Ito and Stratonovich solutions can be seen. The inset in Fig. 6.2a shows the same results in semilogarithmic coordinates to demonstrate the exponential relaxation of the magnetization expected for a non-interacting system of identical particles.
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Fig. 6.1. The equilibrium energy densities for a single particle magnetic moment (with the uniaxial
anisotropy, temperature kT/KV = 1.0, damping λ = 0.1) obtained by solving Eq. (6.3) with different
numerical methods converging to Ito (a) or Stratonovich (b,c) solutions. The equivalence of both
approaches can be seen.

Results for the interacting system (particle volume fraction c = 0.08, initial metastable state prepared by the quasistatic energy minimization starting from the aligned state) are shown in Fig.
6.2b. In this case magnetodipolar interaction between the particles leads to the distribution of the
energy barriers resulting in a non-exponential relaxation. However, the relaxation curves obtained
with different numerical methods perfectly coincide again, demonstrating the equivalence of Ito
and Stratonovich stochastic calculus for simulation of dynamic remagnetization processes also.
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Fig. 6.2. Magnetic relaxation curves of a system of non-interacting (a) and interacting (b) particles obtained
using the same methods as in Fig. 6.1. Results obtained from Ito and Stratonovich stochastic calculus
also coincide.

Thus we have proved analytically and shown by numerical experiments that for models with the
constant magnitude of the magnetic moment at each site both Ito and Stratonovich calculus lead
to the same physical results despite that the noise in the stochastic LLG equation is multiplicative.
This means that all results obtained previously using different numerical schemes are correct. A
more important point is that when developing new numerical methods for solving stochastic equations for such models, one does not need to prove that these methods converge to the Stratonovich solution; the only consideration should be the efficiency and accuracy of these new methods.
***
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An alternative numerical method which can be used to study at least the equilibrium thermodynamical properties of a magnetic system is the well known Monte Carlo method where the system
state is updated by performing either single-moment rotation or collective movements of clusters
of magnetic moments (cluster Monte Carlo methods). The decision whether the system state obtained after such an update is accepted is made in a standard way comparing the energies of the
new and updated states [Binder1986]. However, attempts to apply the Monte Carlo method to
study dynamic remagnetization processes encounter two serious difficulties.
First, it is very difficult to establish the relation between one Monte-Carlo step (a ‘time’ unit in
such simulations) and real physical time. Recently, Nowak et al. [Nowak2000] have suggested
the method to calculate this relation comparing the mean square of the magnetic moment fluctuations near the equilibrium position of this moment calculated from (i) the Langevin dynamics simulation during the given time interval and (ii) MC simulations with the fixed number of MC
steps. The vector defining the moment change for each MC step was chosen randomly from within a sphere of a radius R. The result of this comparison is the relation between the sphere radius R
and the physical time corresponding to one MC step. However, it is unclear whether the relation
obtained this way also holds for the situation when the moment moves far away from its equilibrium position, when, e.g., the transition between metastable states is studied.
Even if this question could be resolved, the second – and more fundamental – problem of the MC
methods would still exist: when comparing the energies of the old and updated states, dynamical
processes which do not affect these energies can not be taken into account. The precession of
magnetic moments is such a process and hence the effect of this precession can in principle not
be included into MC simulations. This means that Monte Carlo will always remain suitable for
the studies of the remagnetization processes in the high damping limit only.
B. Example 1: ac-susceptibility for a disordered fine particle system
Investigation of the dynamical properties (like magnetic viscosity and ac-susceptibility) of disordered fine magnetic particle systems is one of the most challenging problem in statistical physics
and irreversible thermodynamics. The long-range and anisotropic dipolar interparticle interaction
makes the development of both analytical and numerical methods for handling these systems extremely difficult.
As explained above, the only numerical method really suitable for this task seems to be the
Langevin dynamics. In this subsection we present some our results obtained using this approach
for disordered interacting system of fine magnetic particles. In particular, we have investigated
the temperature dependence of the ac-susceptibility of such systems for various particle volume
concentrations, single-particle anisotropy values and damping parameters.
We study an interacting system of randomly placed (but non-overlapping) identical spherical fine
magnetic particles which are assumed to be absolutely single-domain. This means that the motion
of the particle magnetization can be described as the motion of a single unit vector mi representing the direction of a ‘rigid’ particle magnetic moment µi. For this reason the stochastic LandauLifshitz-Gilbert equation for the magnetic moment motion (6.3) may be used.
In our case the deterministic effective field Hieff includes the external field Hiext, the anisotropy
field Hian and the dipolar interaction field Hidip. Below we assume that all particles possess the
uniaxial anisotropy, so that the anisotropy field is
H an = −2 ⋅ K iVi ⋅ ni ⋅ (mi ⋅ ni )

(6.11)
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The dipolar interaction field can be written as
Hi =

3eij (eij ⋅ µ j ) − µ j

(6.12)

∆rij3

i≠ j

where the usual notation holds. Care must be taken by the evaluation of this field due to the longrange nature of the dipolar interaction. In principle, for each particle the sum in (6.12) must be
performed over all other system particles (for finite systems) or using the Ewald method for systems with periodic boundary conditions.
We employ periodic boundary conditions to reduce finite size effects, so that the Ewald method
would be the most adequate choice. However, we have found that for all kinds of simulations
presented in this subsection it is sufficient to use the much simpler extended Lorentz cavity
method [Vos1993, Berkov1996a, Anderson1997]. In this method the contributions to the interaction field on the given particle from all the particles inside the sphere with the ‘critical radius’
Rcr around this particle are taken into account exactly using the summation (6.12). The field from
the region outside this sphere is treated as the field of the homogeneously magnetized media
(with the corresponding average magnetization) inside the spherical cavity. The critical radius Rcr
itself should be determined ‘experimentally’ so that its further increase does not affect the results.
For the solution of (6.3) we have used the stochastic Heun scheme [Kloeden1995] which seems
to represent the optimal compromise when trying to achieve the maximal accuracy with the reasonable programming effort. The time step
used by numerical solution of (6.3) was chosen (as
usual) as large as possible to perform simulations over sufficiently long times, but small enough
to keep discretization errors in frames of the statistical accuracy of the results. We have found
that the value
= 0.05 was an adequate choice for all parameter sets used in our simulations.
The real ( ,T) and imaginary ( ,T) parts of the ac-susceptibility were calculated in a standard
way. After the thermalization of the system an oscillating field
hz = h0 ⋅ cos ω t

(6.13)

was applied and real and imaginary susceptibility parts were calculated as

χ′ =

1 1
⋅
h0 Lτ

Lτ
l =1

ml , z ⋅ cos( wτ l ),

χ ′′ =

1 1
⋅
h0 Lτ

Lτ
l =1

ml , z ⋅ sin( wτ l )

(6.14)

where ml , z is the average z-projection of the system magnetization per particle at the time step l
and l = l . The reduced frequency is defined as w = ω /γMS. Additional checks were performed
to verify the linearity of the system response.
For most results presented below simulations were carried out on a system of Np = 256 particles
positioned randomly (but non-overlapping) inside a cubic volume with periodic boundary conditions. For all parameter sets susceptibility values were sampled during at least Nc = 20 oscillating
field cycles. Averaging over at least Nconf = 16 (mostly 32) independently generated spatial particle configurations was performed. Successful tests of our code were performed on a system of
non-interacting particles: results obtained with our program were in a quantitative agreement as
well with known analytical results as with recent numerical calculations performed by GarciaPalacios et al. (see [Garcia1998] and Ref. therein).
The most interesting question concerning the behaviour of the systems under study is the influence of the dipolar interparticle interaction on the system dynamics, in particular, on its ac-suscep50

tibility. To study this problem we have performed simulations for various particle volume concentrations keeping all other system parameters fixed. Corresponding results are shown in Fig.
6.3 and 6.4, where it can be clearly seen that changes in the ( ,T)-curves with the increasing
particle concentration depend qualitatively on the single-particle anisotropy value and on the
damping . We are interested mainly in the distribution of the free energy barriers in the systems
under study, so that below we shall show results concerning the imaginary part of the ac-susceptibility only.
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Fig. 6.3. (w,T) for large single-particle anisotropy = 2.0 for (a) various particle concentrations at the given
frequency and (b) for various frequencies for the given concentration

High and moderate anisotropy case. For moderate and large anisotropies (
1, Fig. 6.3a) the
peak on the (T)-dependencies shifts towards lower temperatures with the growing particle concentration (increasing interaction strength). This shift can be clearly seen especially for systems
with low damping: results for = 2.0 and = 0.1 are shown on Fig. 6.3a. When the dissipation
increases the peak shift is getting weaker and can hardly be seen already for the moderate damping = 1.0. These results mean that the dipolar interaction leads to the decrease of the free
energy barriers in fine particle systems with high and moderate anisotropies and this effect is
more pronounced in systems with low damping.
We have also compared the temperature dependencies of the ac-susceptibilities for various frequencies keeping the particle concentration constant. The corresponding result for = 2.0 is presented in Fig. 6.3b, where (ω,T)-curves for the particle volume fraction c = 0.08 and reduced
frequencies w = 0.03, 0.1 and 0.3 are shown. It can be clearly seen that with the increasing frequency the peak position is shifted towards higher temperatures, whereby the peak height decreases (see below for comparison with experimental results).
Low anisotropy case. For sufficiently small anisotropy values (how small - depends on the dissipation parameter) the (ω,T)-peak shifts towards higher temperatures when the particle concentration increases - see an example in Fig. 6.4a for = 0.5 and = 1.0). Such a shift can be easily
understood, because the low single-particle anisotropy means that the interparticle interaction
makes the dominant contribution to the effective field already for moderate particle concentration, thus leading to the increase of the average energy barrier height when increasing the interaction strength (particle concentration).
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The frequency shift of (ω,T) for the particle system with the low anisotropy = 0.5 is shown in
Fig. 6.4b, where corresponding -dependencies for the frequencies w = 0.003, 0.01 and 0.03 are
displayed. The peak position moves towards higher temperatures with the increasing frequency
for this system also; the physical explanation of this (probably almost universal) behaviour see,
e.g., in [Garcia1998]. Note, however, that the peak height now increases when the frequency increases. This behaviour is qualitatively different from the high anisotropy case and thus is very important when comparing our results with experimental data (see below).
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Fig. 6.4. The same as in the previous figure for small single-particle anisotropy = 0.5

Comparison with another theoretical results. There is a substantial body of theoretical work done
on this subject, but very few reliable results for interacting dipolar magnetic systems are obtained
up to now - mainly due to the already mentioned long-range and anisotropic nature of the dipolar
interaction.
Up to our knowledge, all analytical approaches applied for the calculation of the ac-susceptibility
in such systems are based on the energy barrier approximation [Binder1986b], where it is assumed that the system can be considered as a set of independent subsystems each having its own
relaxation time. The distribution of these relaxation times is due to different heights of the energy
barriers E for corresponding subsystems. If the distribution of these barriers ρ(E) is known, then
the calculation of the corresponding relaxation time distribution f( rel) is straightforward - at least
in the Arrhenius approximation, where rel ~ exp(E/T). Afterwards, ( ,T) can be obtained
simply as the convolution of the f( rel) with the kernel rel /(1+( rel)2).
Unfortunately, analytical methods for the calculation of the energy barrier distribution are available only for the weak interaction case - either in the form of the local field theory [Morup1994,
Hansen1998] or as the pair approximation [Huang1999]. Both methods lead to the conclusion
that the dipolar interaction leads on average to the decrease of the system energy barriers. This
seems to support our result that for large single particle-anisotropy (weak interaction case, see
Fig. 6.4) the ( ,T) -peak shifts towards lower temperatures which means that the energy barrier
distribution moves towards lower barriers. However, theories of this kind are not really suitable
to check numerical or experimental results concerning the irreversible processes in magnetic systems, because: (i) the effect predicted by such theories is weak by the very definition of the perturbation approach; (ii) the temperature dependence of the energy barrier heights and the features
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of the energy landscape near the saddle point are ignored; and (iii) magnetic moment precession
(which may be important, see [Garcia1998, Berkov2002]) is not taken into account.
The distribution of the energy barriers can be evaluated rigorously - i.e., beyond the perturbation
approach - using numerical minimization of the thermodynamical action for the transition between the two given metastable states. With this method we were able to show [Berkov1998a] (see
also below) that in systems of magnetic particles with high and moderate anisotropies the energy
barrier distribution indeed moves towards lower barriers with increasing particle concentration.
But it is still quite difficult to draw conclusions concerning the ac-susceptibility basing on this
fact only due to the reasons (ii) and (iii) mentioned above.
The ac-susceptibility itself for interacting fine magnetic particles was studied, up to our knowledge, only in [Anderson1997] using the Monte Carlo method. Bearing in mind that this method
is not able to take into account the precession of magnetic moments (see above), we can compare
results from [Anderson1997] with our data obtained in the moderate damping regime, where the
precession is expected to play a minor role. Simulations in [Anderson1997] were carried out for
particles with the reduced anisotropy constant = 2K/MS2 1.8, so that results of [Anderson1997] should correspond to our data for = 2.0. Indeed, the shift direction of the ( ,T)-peak
with increasing particle concentration found in [Anderson1997] (see Fig. 2 in [Anderson1997])
coincides with our results. However, the relative peak heights for various concentrations are considerably different. The same applies to the frequency shift of the ( ,T)-curves (see Fig. 3 in
[Anderson1997]): the (T)-peak moves towards higher temperatures with increasing frequency
as for our results, but the peak heights increase with in [Anderson1997], whereby according to
our simulations they should decrease with growing frequency for
2 (Fig. 6.3b). The most
probable reason for this discrepancy is that the MC approach of [Anderson1997] takes into
account single-particle flips only thus neglecting collective remagnetization processes. Such
processes are not expected to be dominant in systems with moderate and high anisotropy, but for
moderate anisotropy values they can nevertheless affect the results quantitatively.
Comparison with experimental data. The ac-susceptibility of magnetic nanocomposites is one of
their most important features both from fundamental point of view and by evaluation of their
suitability for numerous technical applications. For this reason it has been studied in a huge number of experimental papers. From this pool of data we have chosen mainly results obtained on
frozen ferrofluids, because (i) these systems can be characterized reasonably well and (ii) very
accurate and reliable results are available.
Corresponding measurements are usually performed on systems consisting of magnetite or maghemite particles. In most studies [Jonsson1995, Zhang1996, Jonsson1998, Djurberg1997, Taketomi1998] the following system behaviour was observed:
• Concentration dependence: the (T)-peak moves towards higher temperatures with increasing concentration c
• Frequency dependence: the (T)-peak moves towards higher temperatures with increasing
frequency , whereby the height of this peak increases with growing .
Such a behaviour agrees very well (at least qualitatively) with our results for systems with low
anisotropies = 0.2 - 0.5 (see Fig. 6.4). However, there exists an important disagreement between
our results and the experiments cited above: the anisotropy = 2K/MS2 (calculated from the Kand MS -values reported, e.g., in [Jonsson1995, Jonsson1998]) for the particles studied is about
1.5 - 2.0. Hence the opposite shift of the (T)-peak with the particle concentration should be
observed according to our simulations (see Fig. 6.4a).
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The most probable reason for this discrepancy (leaving apart trivial explanations like the particle
aggregation which is quite unlikely due to a very small particle size) is the following. The value
of the anisotropy constant K reported for the given sample is the average value obtained from the
corresponding low-temperature hysteresis loop [Jonsson1997]. Different particles contribute to
this loop - and hence to the average K value - with the weight proportional to their moment µ. By
the susceptibility measurements, however, particle contributions are proportional to the square of
their moment µ2 (see, e.g, [Kittel1953]), which means that larger particles contribute much more
significantly to the measured susceptibility, than to the hysteresis.
On the other hand, it is well known that the total effective anisotropy of fine particles, being the
sum of the crystallographic, surface and shape anisotropies, depends strongly on the particle size.
For all experimentally studied systems [Gazeau1998, Respaud1998, Respaud1999] the total anisotropy was found to decrease with increasing particle size (probably because the surface anisotropy decreases proportionally to the decreasing fraction of surface atoms when the particle
grows, and the shape anisotropy decreases because the shape of larger particles is closer to the
spheres - at least when particles remain very small). Hence larger particles with larger magnetic
moments (which contribute significantly more to the ac-susceptibility than to the magnetization)
have much smaller values of the effective anisotropy . This leads to the shift of the (T)-peaks
towards higher temperatures with increasing particle volume fraction, as it should be for the low
anisotropy case (see Fig. 6.3). This effect may be enhanced further by the increase of the particle
saturation magnetization MS with the growing particle size [Morales1999].
Results of our Langevin dynamic simulations demonstrate two important features of magnetic
nanocomposites. First, their ac-susceptibility peak can move with the increasing particle concentration (interaction strength) both towards lower and higher temperatures which means that
the dipolar interaction can either decrease the (free) energy barriers in such system - if these
barriers are due a substantial single-particle anisotropy, or increase them - if they are mainly due
to this interaction itself. Second, we point out that our method takes the dipolar interaction fully
into account, incorporating all the dynamic and static correlations between the particle magnetic
moments. For this reason the qualitative discrepancy between our results and real experiments on
ferrofluids with apparently the same single-particle parameters shows that some additional
features of the fine particle systems should be taken into account to understand their dynamical
properties adequately. We propose that such a feature could be the size dependence of the total
single-particle anisotropy and the particle saturation magnetization.
C. Example 2: standing spin waves in nanodots
Another problem suitable very well for studies using the Langevin dynamics technique is the frequency spectrum and the spatial distribution of magnetic excitations (standing spin waves) in a
thin film element with lateral sizes in the sub-µm range. The knowledge of this excitation spectrum is important for various applications making use of such magnetic structures like MRAMcells (fast switching processes) and AMR and GMR sensors (signal-to-noise ratio).
As an example we present here results of studying standing spin wave in a rectangular Permalloy
element with the lateral sizes5 a x b = 1.0 x 1.75 µm2 and the thickness d = 30 nm discretized in
5

The sizes were chosen to match the experimental design of the patterned structures studied in the group of B. Hillebrands (Univ. Kaiserslautern, Germany) by the quasielastic Brillouin scattering; when the chapter was in preparation, the experiments were still in progress, so that no final comparison with the experimental data was possible.
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the lateral plane in 80 x 140 finite elements. The standard Py magnetic parameters (MS = 103 G,
A = 10-6 erg/cm) were assumed. The cubic anisotropy of crystallites with 2D randomly distributed anisotropy axes was chosen with the anisotropy constant Kcub = 4 x 104 erg/cm3. The average crystallite size was taken to be <D> = 40 nm, whereby it should be noted that the variation
neither of <D> nor of Kcub (in reasonable limits) did not affect the results qualitatively. The
external field parallel to the long side of the element (chosen as the 0z-axis) Hz = 600 Oe was
applied. Simulations were performed for the room temperature.
First the static equilibrium magnetization structure was calculated (equilibrium state for T = 0)
using the standard quasistatic micromagnetic minimization procedure. The resulting configuration is shown as the mx-grey-scale map in Fig. 6.5, where the well known state with two closure
quasi-domains on the top and bottom sides of the element can be recognized. This state was used
as the initial state for the Langevin dynamics simulations which were performed using the equation (6.3); the damping constant was set to λ = 0.01, which corresponds approximately to the
damping value obtained on these samples from the ferromagnetic resonance measurements.
It has turned out that the corresponding system of stochastic equations was extremely stiff (probably due to the presence of the exchange interaction in addition to the magnetodipolar one). For
this reason the standard Heun scheme exploited in the previous example was found to perform
extremely poor, requiring time steps less than 10-4 (in time units t·γMS introduced above). So we
were forced to try another methods and after several attempts we have developed the optimized
stochastic version of the Bulirsch-Stoer method with the adaptive step-size control. This method
has allowed to increase the time step at least one order of magnitude (and in typical cases even
more). Details of the method will be given elsewhere.
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Fig. 6.6. Energy time dependence during the Langevin dynamics simulations for the rectangular magnetic element shown in Fig. 6.5

After the initial ‘heating phase’ (which can be clearly seen in Fig. 6.6 as the initial energy increase) the equilibrium state was reached - the energy stops to increase and remains constant in
frames of temperature fluctuations. After the equilibrium was reached, we have started to record
the deviation of each moment from its equilibrium position for each time step. The Fourier analysis of these moment trajectories was performed using the Lomb algorithm [Press1992] developed for the analysis of unevenly spaced data. This algorithm was needed because the time step was
adjusted by the program and hence was not constant. Thus we were able to extract the whole
information concerning the frequency spectrum and space distribution of the spin excitations in
thermal equilibrium.
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The spectrum of mx-oscillations averaged over the whole sample (i.e., over oscillations of all finite element magnetic moments) is shown in Fig. 6.7 as a thick solid line. The spectrum was additionally averaged over Nconf = 4 independent runs performed for samples with different crystallite structures. The magnitude of the corresponding statistical error is shown at the bottom of the
same figure with a thin line. Comparison of the magnitudes of the spectral peaks with those of the
statistical errors shows that probably only the double peak near the point (a) and the somewhat
lower peak (b) represent real spectral features, all other peaks seem to be in frames of statistical
errors, so that the oscillation spectrum has no sharp features for frequencies f 0.4.
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Fig. 6.7. Power spectrum of the mx-oscillations averaged over the whole sample (thin line at the bottom gives
the magnitude of the statistical error). Spatial distributions of the oscillation power for frequencies marked
with letters a-h are shown in Fig. 6.8
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Fig. 6.8. Spatial distributions of the oscillation power for spectral frequencies marked in the previous figure
with corresponding letters.

Spatial structure of the oscillations corresponding to various spectral frequencies marked in Fig.
6.7 with letters (a)-(h) is shown in Fig. 6.8. As expected, the softest modes (with the lowest frequencies) correspond to the oscillations of the region where two domain walls meet each other (a)
and to the oscillations of the domain walls themselves (b). Afterwards the mode structure gradually became more and more complex, whereby the modes started to ‘propagate’ towards the
inner area of the element, where finally a fairly complex structure with one (e), two (f), three (g)
and four (h) half-waves in the direction perpendicular to the applied field was formed.
As it was mentioned above, the Langevin dynamics simulations of the spin excitations take into
account all the interactions in the system under study, so that the quantitative comparison with
the experiment should be possible. However, in this case one important approximation was made
by the simulations: the thickness of the film d = 30 nm is clearly larger than the characteristic
magnetic length of Py. Hence simple 2D domain walls shown in Fig. 6.5 may actually possess a
complicate internal structure which would immediately manifest itself in additional oscillation
modes. Simulations of a rectangular magnetic element with the full 3D discretization are necessary to study this problem.
6.3. Slow remagnetization dynamics

A. Minimizing thermodynamical action or how to handle barriers of arbitrary heights
Direct simulation of the magnetic moment trajectories - including all interactions and cooperative
dynamic effects - is the biggest advantage of the Langevin dynamics: one simply mimics the
time-dependent system behaviour for the given temperature without any additional and often
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hardly controllable assumptions. However, for system with moderate and high energy barriers
this advantage turns out to be the worst limitation of the method – after all, one simply mimics
the time-dependent system behaviour and hence the simulation time necessary to overcome the
barrier exponentially growths with the barrier height – exactly as for real systems, where the Arrhenius-Van'
t Hoff law holds (transition probability per unit time to overcome the barrier with the
height E is p ~ exp(– E/T)).
Numerical simulations of magnetic systems with such high barriers in general and the calculation
of the transition probability over these barriers in particular are extremely important from the
practical point of view (not to mention the fundamental problems in the phase transition theory):
they are the only way to predict the long-time stability of the information storage both for traditional (hard disks) and novel (MRAM) technologies. In this case we are interested in storage (stability) times of at least several years, so that the energy barriers should be much higher than the
working temperature in order to make the transition probability p vanishingly small. Fortunately,
for E >> T the task of evaluation p is somewhat simpler because in this limit we do not need to
know all the details of the transition trajectory: it is often sufficient to find the lowest saddle point
between the two metastable state of interest. Its height gives us the corresponding energy barrier
E between these states, thus allowing to estimate the transition probability using the ArrheniusVan'
t Hoff law mentioned above.
Unfortunately, even the problem of finding such a saddle point can not be solved analytically for
an interacting system. The reason is that such a point, being a point in the system coordinate
space {xi} where all energy derivatives E/ xi are zero (but where neither a maximum nor a minimum of E should be achieved!) can be found only as a solution of a system of non-linear (in a
general case) equations E/ xi = 0. We lack general methods for the solution of such systems, and
there exist even arguments that there will never be any (see, e.g., [Press1992]). Reliable (semi)analytical methods for the saddle point search in magnetic systems are applicable only for a
single particle case [Braun1994, Klik1990] or when the system remagnetization mode is known
and is relatively simple [Braun2000].
In this subsection we describe a very general and powerful numerical method for the evaluation
of the energy barrier between the two chosen metastable states. The method is based on the
search for the most probable (optimal) transition path between these two states by minimizing
the corresponding action derived from the path-integral formulation of the problem. The required
energy barrier can then be calculated as the barrier along this optimal trajectory.
General idea. The underlying idea is several decades old and is due to Onsager and Machlup
[Onsager1953]. To explain it, let us consider a system of N classical particles with Cartesian
coordinates xi and velocities dxi/dt, (i = 1, ..., N) in a viscous fluid. If the interaction energy V(x)
of the particles depends on their coordinates only (x = (x1, ..., xN)) then the equations of motion
for our system in the presence of thermal fluctuations (Langevin equations) can be written as
xi = −

∂V (x)
+ ξi (t ),
∂xi

i = 1, ... , N ,

(6.14)

where we have neglected the inertial term for the sake of simplicity and absorbed the friction
constant into the time scaling. As mentioned above, random Langevin forces i assuming to simulate thermal effects can be considered in most cases as independent random variables with the
Gaussian distribution and zero correlation time ξi (0)ξ j (t ) = 2 Dδ ijδ (t ) .

58

Due to these simple correlation properties it is quite evident that the probability of some particular noise realization { i (t)}, i = 1, ..., N for the time period [0, tf] is given by [Onsager1953,
Feynman1965, Bray1989]
1
P[ξ (t )] = A exp −
4D

tf
0 i

ξi2 dt .

(6.15)

Rewriting the system (6.14) as i (t) = dxi/dt + V(x)/ xi we immediately obtain that the probability to observe a given trajectory x(t) for the transition between the two states A and B during the
time tf (xA(0) xB(tf)) is
t

1 f
P[x(t )] = C ⋅ J [x]exp −
dt ×
4D 0

i

dxi ∂V ( x)
+
dt
∂xi

where J[x(t)] is the Jacobian of the variable transformation x
The total transition probability between (A
ries (paths) x(t):
P[ A → B, t f ] = C ⋅
where the action S(x(t)) is defined as

xB

2

(6.16)

.

ξ.

B, tf) is then given by the integral over all trajecto-

Dx(t ) J [x] × exp −

xA

0

(6.17)

2

tf

S (x(t ), tf ) = dt

S (x(t ), tf )
,
4D

i

dxi ∂V (x)
+
.
dt
∂xi

( 6.18)

Evaluation of the path integral (6.17) in a general case is a virtually unsolvable task for any interacting many-particle system. But for low temperatures it is obvious that the main contribution to
(6.17) comes from the trajectories close to the optimal trajectory xopt(t), i.e., to the trajectory
which minimizes the action S(x(t)). And the energy barrier for the given transition can be found
as the barrier along such a trajectory: E(A
B) = Emax(xopt) – EA. The problem we are left with
is the minimization of the functional S(x(t)).
It is, of course, impossible to perform this minimization analytically for any realistic model. And
even numerical minimization of this thermodynamic action is highly nontrivial (see below) which is the most probable reason why the whole method was practically abandoned during the
last decades. Here we do not consider the possibility to minimize the functional (6.18) using the
solution of the corresponding boundary value problem for its Euler-Lagrange equations (for detailed explanations see [Berkov1998a]). Instead, we approximate the integral (6.18) by a numerical
quadrature and then minimize the function of many variables resulting from this approximation.
Dividing the time interval [0, tf] into K slices with the time step
(6.18) by the simplest quadrature, we obtain
Sdisc (x) = ∆t

K −1 N

xi ,k +1 − xi ,k

k = 0 i =1

∆t

t = tf/K and approximating

1 ∂V {xk +1} ∂V {x k }
+
+
2 ∂xi ,k +1
∂xi ,k

2

,

(6.19)
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where xi,k is the coordinate of the i-th particle at the time tk = k t, and xk = (xi,k, i = 1, ..., N) denotes the set of all particle coordinates for the k-th slice. Thus for a D-dimensional N-particle system we have to minimize a function of D · NK variables.
A simple test example. The simplest test of this basic idea is the search of an optimal trajectory
between the two minima for some simple energy landscape. To perform such a test, we have
calculated the optimal trajectory for a particle moving in the 2D space – (x1, x2)-plane – with the
potential energy
V ( x) =

J

Uj

j =1 1 + (( x − r j ) / ∆ j )

2

,

(6.20)

where x = (x1, x2) and r = (r1, r2) are vectors in the (x1, x2)-plane, amplitudes Uj are positive (negative) for the energy maxima (minima), rj determines the position and j - the width of the j-th
maximum (or minimum), J is the total number of maxima and minima of the potential.
The test result for the simple energy surface with two maxima P1 and P2 and two minima M1 and
M2 is shown in Fig. 6.9. The minimization of the action (6.19) for the potential (6.20) was performed using K = 128 time slices with t = 0.25; the starting trajectory was the straight line between
the minima M1 and M2. The final trajectory shown in Fig. 6.9 as the solid white line clearly passes through a saddle point providing the correct value of the energy barrier separating the two
minima M1 and M2, thus demonstrating that the idea works (at least in principle) fairly well.
False’ and ‘true’ optimal trajectories. Unfortunately, this simple energy landscape is suitable
mainly for the demo purposes. Systems of real interest possess a large number of degrees of freedom. And the major difficulty arising by the minimization of the discrete action Sdisc (6.19) for
these practically relevant cases is not due to the huge number of variables ~ D · NK on which this
action depends. This major difficulty is also not due to the often very ‘unpleasant’ behaviour of
Sdisc as a function of system coordinates which requires the application of special minimization
methods like those described in Sec. 4.3 [Berkov1998a]. The main problem is the presence of
many undesired local minima of the functional (6.18), i.e., the presence of many trajectories
between the states A and B in the system coordinate space which minimize (6.18) but do not
provide any information about the corresponding energy barriers.
To explain why this is almost always the case we shall need two facts. The first fact is that for
any path minimizing the action (6.18) the conditions dxi/dt = ± V(x)/ xi should be fulfilled; the
plus (minus) sign corresponding to the downhill (uphill) trajectory parts. These conditions mean
that the optimal trajectory goes along the gradient lines of the energy surface.
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Fig. 6.9. A simple energy landscape used to demonstrate the search for the optimal transition
trajectory between the two energy minima.
The white solid line is the ‘true’ optimal trajectory found by the algorithm, the black
dashed line is the false minimum of the action
(6.18) (see text for details)

Fig. 6.10. A more complicate energy landscape. The
action (6.18) along the ‘false’ optimal path M1
P2
M2 may have the same or even smaller
value then for the ‘true’ optimal path M1
M3
M2 (see text for details)

The second fact we need is that the value of the action S(x) for the optimal path depends only on
the sum of the energy barriers which the path has to climb over: if the optimal trajectory consists
of L pieces where the system moves uphill and L pieces downhill then the action value is
S ( x) = 4

L
l =1

∆Vl ,

(6.21)

where Vl is the energy difference between the end and start points of the l-th uphill piece. Both
these facts for a 1D case are proved, e.g., in [Bray1989]; the generalization to a multidimensional
case is straightforward.
According to these considerations, both the solid white line M1
M2 and the black dashed line
M1
P2
M2 in Fig. 6.9 deliver local extrema to the action for the transition M1
M2, because both paths proceed along the gradient lines of the energy surface. It is also easy to show that
both extrema in this situation are local minima of the action; in fact, both paths were obtained by
minimizing the action (6.19) with the potential (6.20) starting from different initial trajectories.
Both paths are from the mathematical point of view local minima of the action for the transition
M1
M2. However, these two path clearly have nothing in common in the physical sense: the
first of them (solid white line) passes through the correct saddle point, thus providing the desired
information about the energy barrier height (the ‘true’ optimal trajectory). The second path (black
dashed line M1
P2
M2) goes via the energy maximum supplying no useful information whatsoever (‘false’ optimal trajectory). We clearly need a reliable algorithm to distinguish between
these two kinds of the optimal paths, otherwise the whole method will be absolutely useless,
because the number of ‘false’ optimal trajectories rapidly growth with the complexity of system.
Such an algorithm can not be based on checking only the action value for the given trajectory.
Such a check might work for simple cases like shown in Fig. 6.9, where the action value for the
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‘false’ optimal path is larger than for the ‘true’ optimal trajectory: the ‘false’ path in this case
have to climb higher than the ‘true’ one and hence, according to (6.21), the action value for the
‘true’ path is smaller. But already for a landscape which is a little bit more complicated this is no
longer the case. If, for example, we are looking for the optimal trajectory between the minima M1
and M2 (see Fig. 6.10), then the ‘true’ optimal path (solid white line in Fig. 6.10) goes through
one of the intermediate minima M3 or M4 which are ‘on the way’ from M1 to M2. The ‘false’ optimal trajectory along the gradient lines may be the path M1
P2
M2 (dashed black line). In
this case the action value for the ‘false’ path may be even smaller than for the ‘true’ one, because
the ‘true’ path has to climb over two energy barriers and the ‘false’ trajectory must surmount only
one peak (P2). This example clearly demonstrates that in order to recognize ‘true’ optimal trajectories, we should be able to distinguish between ‘optimal’ trajectories passing (i) through energy
saddle points (‘true’ optimal path) and (ii) through local energy maxima (‘false’ case).
An apparently straightforward possibility to discriminate between these two cases is the study of
the curvature tensor of the energy surface at the point where the energy along the optimal trajectory reaches its maximal value (or at several points, if there are several energy maxima along the
trajectory). If the corresponding matrix (of the second derivatives of the system energy) has
exactly one negative eigenvalue, then this energy maximum along the trajectory indeed corresponds to a transition saddle [Kramers1990] and we have a ’true’ optimal path. Otherwise, we
have either an energy maximum (all eigenvalues negative) or some other kind of an energy extremum (saddle with more than one negative eigenvalues does not normally correspond to the point
really separating attraction domains of two energy minima [Kramers1990]).
Unfortunately, this method encounters serious technical difficulties: due to (i) the representation
of the continuous trajectory as a discrete set of points (see (6.19)) and (ii) the finite accuracy by
the determination of the ‘optimal’ trajectory the energy maximum along this trajectory does not
normally correspond exactly to the energy extremum on the multidimensional energy surface.
This means, that we have to organize the search of the true energy extremum starting from the
energy maximum along the trajectory solving the non-linear set of equations E/ xi = 0 mentioned above. In this particular case our chances to find such a solution are quite good, because we
start from the point (extremum along the trajectory) which should be quite close to the solution
(extremum on the multidimensional surface). However, we have observed that the search may
still fail - probably due to the very complex energy landscape. Another problem of this algorithm
is that the search of the eigenvalues is a time consuming (~ N 3 operations) and delicate procedure
requiring a high accuracy by computing the second derivative matrix.
For this reason we have adopted also an alternative strategy to check whether the energy maximum along the optimal trajectory correspond to a saddle point or a maximum. Namely, we jump
a little bit from the trajectory point with the highest energy in a random direction and then try to
minimize the system energy starting from this new position. If all energy minima found this way
coincide either with the minimum from where our trajectory started or with the minimum where
it finished then we conclude that the trajectory indeed passes through saddle points. If any energy
minimum found after such random jumping and subsequent minimization does not coincide with
the start or end points of the trajectory, then we assume that the trajectory does not pass through a
saddle point and do not use this trajectory when calculating energy barriers.
In the example presented in Fig. 6.10 this algorithm works as follows. Starting from any point a
little bit aside from the saddle between M1 and M3, we would (after minimizing the energy) obviously land in the minima M1 or M3 which are the terminating points of this trajectory. Hence we
would conclude that it really passes through the saddle point. But when applying this method to
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the path M1
P2
M2 and jumping from the point P2, we would (after the subsequent energy
minimization) finish quite likely in the minimum M4 which does not lie on the path under study
(M1
P2
M2) thus concluding that this trajectory does not pass through a saddle point.
Other important questions related to this discrimination algorithm - how far apart from the trajectory maximum should we jump before starting the energy minimization from this new points,
how many such attempts should be carried out to assure that we did not miss any undesired minimum, etc., are addressed in [Berkov1998a]. Here we would like only to mention that both discriminating strategies outlined above give the same answer when applied to simple energy landscapes. For systems with the complex energy surface possessing a large number of metastable
states the two methods do not always provide the same diagnostics for each particular trajectory,
but the distribution densities of the energy barriers calculated using these two methods always
coincide in frames of statistical errors.
Determination of the transition time. There exists apparently an important contradiction in the
whole formalism - on one hand, we intend to calculate the optimal transition trajectory by minimizing the action (6.18), then determine the energy barrier using this trajectory and finally evaluate the transition time between the two minima using, e.g., the Arrhenius law. On the other hand,
the transition time tf is explicitly present in the action (6.18) as the upper integral limit. Hence
should be known in advance to set the time step and/or the number of time slices in the discrete
version (6.19). This means, strictly speaking, that for a rigorous determination of tf one should at
least minimize the action also as a function of this time (actually the maximization of the total
probability (6.17) as a function of tf is desirable, but hardly possible, as mention above).
Fortunately, we can make use of the fact that the height of the energy barrier depends on the transition time only relatively weak [Berkov1998a]. For this reason we have used the following
method for the tf-determination: we have minimized the action (6.19) with the small constant
time step (usually t = 0.25 - 0.5) and various numbers of time slices Kl beginning from some
relatively small number (usually Kl = 16) and doubling it (Kl+1 = 2Kl) for the next (l + 1)-th
action minimization. The process was terminated when the relative difference between the two
values of the energy barriers obtained for the subsequent action minimizations was less than ε =
10-2. This way we could determine the energy barrier with the sufficient accuracy and estimate
the transition time using the Arrhenius law or more sophisticated approaches (see below).
B. Energy barrier density in magnetic nanocomposites
To apply the method presented above to the systems of interacting magnetic moments (classical
exchange and dipolar spin glasses, systems of fine ferromagnetic particles, thin magnetic films,
nanodots etc.) we have to start with the magnetic counterpart to the Newton-Langevin equation
(6.14), namely, with the stochastic Landau-Lifshitz-Gilbert equation of motion for magnetic
moments (6.3). Neglecting inertial term in (6.14) corresponds to neglecting the precession term in
(6.3) (large dissipation λ >> 1) which for a single magnetic moment leads to the equation
dm
= − m × m × heff + h fl
dt

(

)

(

)

= − m ⋅ m ⋅ h tot + h tot ,

(6.22)

where all constants are again absorbed in the time unit, the total field is htot = heff + hfl and the
normalization m = 1 was used by the last transformation.
The conservation of the magnetic moment magnitude makes the transition to the spherical coordinates ( , ) of the unit vector m unavoidable, because only the components of the random field
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hfl that are perpendicular to the current moment direction should be taken into account (exactly as
only the perpendicular components of the deterministic effective field are important for the
description of the magnetic moment motion without thermal fluctuations). Transforming all
vectors to the new coordinate system with the z´-axis along the magnetic moment direction and
the x´-axis lying in the meridian plane of the initial spherical coordinate system (so that in this
initial system, as usual, mx = sin cos , my = sin sin , mz = cos ), we obtain equations of motion
for the magnetization angles
∂E
+ hxL′
∂θ
1 ∂E
sin θ ⋅ φ = −
⋅
+ hyL′ ,
sin θ ∂φ

θ =−

(6.23)

where hflx' and hfly' are Cartesian components of the fluctuation field in the new coordinate
system. The components of the deterministic effective field heff are already expressed as corresponding angular derivatives of the moment energy.
The generalization to a system of N interacting moments is straightforward. In the resulting system of the equations of motion for the moment orientation angles ( i, i)

θi = −
sin θ i ⋅ φi = −

∂E {Ω}
∂θi

+ hiL, x′

1 ∂E {Ω} L
⋅
+ hi , y′ ,
sin θ i
∂φi

i = 1, ... , N ,

(6.24)

the system energy E{ } (where { } denotes the set of all angles ( i, i)) includes now the interparticle interaction energy of any kind (i.e., exchange, dipolar, RKKY, etc.). This system is fully
analogous to (6.14) so that under the same assumptions (that Cartesian components of the Langevin field are independent random quantities with the Gaussian distribution and δ-correlated in
time) the transition probability between the two chosen magnetization states A and B is
P [ Ω A → Ω B , tf ] ∝

ΩB
ΩA

DΩ(t ) J Ω → h L × exp −

S ( Ω(t ), tf )
4D

(6.25)

,

Thermodynamical action S for a magnetic particle system is defined as
S Ω (t ) =

tf
0

dt
i

dθ i ∂E {Ω}
+
dt
∂θ i

2

dφ
1 ∂E {Ω}
+ sin θ i ⋅ i +
⋅
dt sin θi
∂φi

2

.

(6.26)

The magnetization path in the -space which minimizes this functional can provide information
about the energy barrier separating the states A and B exactly in the same way as for the test
system discussed in the previous subsection.
To find this optimal path, we have used the numerical quadrature representation of (6.26)
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Sdisc ( Ω ) = ∆t

K −1 N

θ i.k +1 − θi ,k

k = 0 i =1

∆t

1 ∂E {Ω k +1} ∂E {Ω k }
+
+
∂θ i.k
2 ∂θ i.k +1

2

+

∂E {Ω k +1}
∂E {Ω k }
sin θ i.k +1 + sin θi.k φi ,k +1 − φi ,k 1
1
1
⋅
+
⋅
+
⋅
2
∆t
2 sin θ i.k +1 ∂φi.k +1
sin θ i.k
∂φi.k

2

(6.27)

analogous to (6.19). Minimizing the corresponding discrete action Sdisc as a function of orientation angles ( i,k, i,k) of all particles for the time slices k = 1, ..., K – 1 (moment coordinates for
the 0-th and K-th time slices are fixed being the given coordinates of the initial and final states)
we obtain the optimal system trajectory. The check procedures described above should be applied
to each trajectory found this way to ensure that it really passes through the saddle points (is ‘true’
optimal trajectory). The energy barrier encountered along such a ‘true’ optimal trajectory is then
assumed to be the lowest energy barrier between the states A and B.
Apart from the usual difficulties encountered by the minimization of the many-variable functions,
the minimization procedure for the discrete action (6.27) is subject to the stability problem specific for the spherical coordinates: the factors 1/sin i in (6.27) diverge for any trajectory closely approaching (at least at one slice) the polar axis of the spherical coordinate system (
0 or
π). For this reason we have first to choose suitable spherical coordinates for each particle separately at the beginning of the minimization procedure. However, because particle trajectories are
changing during the minimization, the trajectory of some particle may become too close to the
polar axis of its coordinate system even if initially it was not. Hence we have also to watch for
such ‘dangerous’ cases and switch to another spherical coordinate system for the corresponding
particle when necessary (see also Sec. 4.1). For these reasons we have minimized the thermodynamical action (6.27) using the version of the MSDR relaxation method (see subsection 4.3),
which was found to perform very fast for this task (5 - 10 times faster than CGM).
A simple test of our code was performed on a single particle with the uniaxial anisotropy energy
Ean = KV sin2 in the absence of the external field. Magnetic moment of each particle in this
situation has two equivalent (meta)stable equilibrium states (along the two opposite directions of
the anisotropy axis) separated by the energy barrier ∆E = KV. The energy barrier found by our
algorithm always agreed with this value within the numerical accuracy.
Results for magnetic nanocomposites and discussion. Using this method, we have calculated the
distribution of the energy barriers in the same system as described in the subsection 6.1.B - magnetic nanocomposite consisting of N single-domain nanoparticles with the uniaxial anisotropy
(6.11). Particles were embedded in a non-magnetic matrix, so that only the magnetodipolar interaction (6.12) (treated with the extended Lorentz cavity method) between the particles was present. Periodic boundary conditions were assumed.
In the absence of the interparticle interaction and the external field such a system has 2N metastable states (energy minima) with the same energy. Among them the two states were chosen
arbitrary and the algorithm had to find the connected path between these two states passing
trough the saddle points only - a very non-trivial task analogous to the test example presented in
Fig. 6.10, but now in the 2N-dimensional space. From the physical point of view it is evident that
transitions between the local minima of this system occur via the single-particle moment jumps
between the opposite directions of the particle anisotropy axis. In all studied cases the algorithm
indeed was able to find the path consisting of the single-moment flops between the two chosen
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metastable states. The energy barriers along this path for the i-th moment jump again agreed very
well with the analytical value ∆Ei = KiVi.
The most intriguing question for this system is, as already mentioned, the influence of the magnetodipolar interaction on the system properties, in particular - on the distribution density of the
energy barriers ρ(E) [Hansen1998, Dormann1999], which controls both the reversible and irreversible thermodynamics of the system. To solve this question, we have computed ρ(E) for various volume concentrations of the magnetic phase, thus varying the interaction strength.

Fig. 6.11. Density of the energy barriers (left) and magnetization changes (right histogram) corresponding to
the transition between randomly chosen energy minimum in a system of magnetic particles with the low
single-particle anisotropy β = 0.5. Dashed line on the left histograms represent the position of energy
barrier for a single particle with β = 0.5

Calculations were performed, as for the Langevin dynamics simulations, for two kinds of systems
- with high (β = 2K/MS2 = 2.0) and low (β = 0.5) single-particle anisotropies. Typically the distribution of the energy barriers was accumulated from Nconf = 4 - 8 realizations of the particle
disorder; for each configurations about Ntrans = 200 transitions between metastable states were
analysed. Corresponding results are shown in Fig. 6.11 and 6.12, were the distribution of the
reduced energy barriers ε = E/MS2V (a) together with the density of the magnetization changes
corresponding to the transition between metastable states (b) are presented.
First of all, it can be seen that for low particle concentrations ( 1%) ρ(ε) consists of the relatively narrow peak positioned at the value corresponding to the energy barrier εsp = β/2 for a single
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particle moment flip, as it should be for a weakly interacting system. The position of this singleparticle flip barrier is shown both in Fig. 6.11 and 6.12 with the dashed line.
Hist. of the energy barriers
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Fig. 6.12. The same as in Fig. 6.11 for the high anisotropy case β = 2.0.

When the concentration increases the energy barrier density is getting broader, but for the systems with the low and high anisotropy this broadening occurs in a qualitatively different ways.
For the high-anisotropy case (Fig. 6.12) the broadening of ρ(ε) with the increasing particle concentration is accompanied by its shift towards lower energy barriers, so that already for moderate
particle concentration ( 4%) almost all barriers lie below the ε−value for a single particle.
For the system of particles with the low anisotropy (Fig. 6.11) barriers which are both higher and
lower, than for a single particle, arise. The average energy value for the resulting spectrum of
energy barriers for this particular anisotropy still exhibits a minor shift towards lower energy
values. However, there clearly exists a heavy tail of high energy barriers, which is especially pronounced for concentrations c 12 %. Computing the same distribution for the system with the
lower anisotropy still (β = 0.2) we have observed the overall spectrum shift towards higher energies with increasing particle concentration.
The distribution density of the energy barriers ρ(E), being itself a highly interesting system characteristics from the fundamental point of view, can not be compared directly with the experimental data. Hence the establishing of the relation between ρ(E) and measurable quantities like
ac-susceptibility and magnetic viscosity is highly desirable. This is by no means a trivial task at
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least for the following reasons (apart from the obvious one that real systems always have some
distribution of single-particle parameters which should be known to allow for quantitative comparison): (i) all experiments are performed at finite (and usually even not at low) temperatures so
that the density of free energy barriers is required for their interpretation, (ii) different moment
changes occur by transitions over different barriers and (iii) due to the interparticle interaction
each transition can, in principle, change the height of other barriers.
The first problem mentioned above is the most difficult one, because to calculate the height of
free energy barriers, we have at least to take into account the energy landscape near the saddle
point. This can be done in principle analytically by studying the curvature matrix of the energy
surface, but here we encounter the same problems as mentioned in the discussion of the criterion
for distinguishing between ‘true’ and ‘false’ optimal trajectories. Another way would be to calculate relative probabilities of the trajectories that are close enough to the optimal one - this would
be an attempt to calculate numerically the path integral in the saddle point approximation (6.17)
and we expect it to be very time-consuming.
The second problem - that different transitions cause different moment changes - can be solved
much simpler. Namely, we have only to keep record of the differences between the magnetizations ∆mAB = mA – mB of the two states A and B for each transition studied. The corresponding
histograms of the ∆m -distributions ρ(∆m) are shown on the right-hand side in Fig. 6.11 and 6.12.
It can be seen, that for weakly interacting systems the corresponding distributions exhibit a sharp
peak near m = 2. This is simply due to the fact that the moment change corresponding to a single
particle moment flip m – m is |∆m| = |m – (–m)| = |2m| = 2 (recall that m denotes the unit moment vector). With the increasing particle concentration the distribution ρ(∆m) broadens signalling the appearance of collective remagnetization processes.

Fig. 6.13. Mutual 2D distribution density ρ(E,∆m) of the energy barriers and moment changes for dilute (part
(a), c = 0.01) and concentrated (part (b), c = 0.24) magnetic nanocomposites with β = 0.5

The key question by the analysis of the moment changes is whether the magnitude of these changes is correlated with the height of the corresponding energy barrier. If, e.g., it would turn out
that the moment changes tend to zero when the energy barrier height for the transition decreases,
this would mean that the small energy barriers do not play any significant role in the system thermodynamics, because corresponding magnetization changes are hardly noticeable. We have
shown that is not the case just by plotting the 2D mutual distribution of the energy barriers and
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moment changes ρ(E,∆m). Corresponding grey-scale plots for a system with the low anisotropy β
= 0.5 and two different concentrations are shown in Fig. 6.13. The picture for the lowest concentration c = 0.01 is, as expected, very simple: ρ(E,∆m) consists of a single sharp peak positioned at
the point (E = 0.25, ∆m = 2.0). From the density ρ(E,∆m) for the high concentration c = 0.16 it
can be seen that, although the moment changes for the low barriers are concentrated at somewhat
smaller values than ∆m for the higher ones, they do not tend to zero at all. Hence all transitions
provide approximately equivalent contributions to the system thermodynamics.
A preliminary discussion concerning the comparison with the available experimental results may
be found in [Berkov1998a] and in p. 6.1.B. Here we would like only to mention that the qualitative difference in the behaviour of the energy barriers distributions with increasing particle concentration (interaction strength) for systems with low and high single particle anisotropies obtained
using the path integral method (see Fig. 6.11 and 6.12) seem to support results obtained using the
Langevin dynamics formalism for the ac-susceptibility of these systems (see p. 6.1.B).
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