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In this paper a detailed numerical study �in frames of the Slonczewski formalism� of magnetization oscil-
lations driven by a spin-polarized current through a thin elliptical nanoelement is presented. We show that a
sophisticated micromagnetic model, where a polycrystalline structure of a nanoelement is taken into account,
can explain qualitatively all most important features of the magnetization oscillation spectra recently observed
experimentally �S. I. Kiselev et al., Nature 425, 380 �2003��, namely, existence of several equidistant spectral
bands, sharp onset and abrupt disappearance of magnetization oscillations with increasing current, absence of
the out-of-plane regime predicted by a macrospin model, and the relation between frequencies of so-called
small-angle and quasichaotic oscillations. However, a quantitative agreement with experimental results �espe-
cially concerning the frequency of quasichaotic oscillations� could not be achieved in the region of reasonable
parameter values, indicating that further model refinement is necessary for a complete understanding of the
spin-driven magnetization precession even in this relatively simple experimental situation.
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I. INTRODUCTION

Magnetic excitations and magnetization switching
in nanostructures induced by a spin-polarized current
�SPC�, first predicted theoretically1 and soon discovered
experimentally,2 are now one of the most intensively studied
topics in solid state magnetism due to their importance both
from the fundamental point of view and for numerous pos-
sible technical applications in, e.g., microwave generators
and magnetic random access memory �MRAM� cells �see
recent reviews3�. In the past decade a substantial progress
has been achieved by the development of analytical theories
explaining the spin-transfer driven magnetization dynamics
and by refining experimental techniques in order to enable
quantitative experimental studies of these phenomena.

Analytical models employing the scattering matrix
formalism4 and taking into account spin-dependent reflection
and transmission of electrons, precession of electron spins,
and the structure of Fermi surfaces for concrete materials5,6

have been developed which allow the calculations of the
spin-transfer torque arising due to the current crossing the
normal metal-ferromagnet interface. The derivation of the
density operator corresponding to the normal metal spacer
�N� in a FM �ferromagnet�/N/FM structure combined with a
two-current �for spin-up and spin-down electrons� model en-
abled the evaluation of a spin torque in a complete trilayer
structure7,8 which was successfully tested and extended using
the Boltzmann equation formalism.9 This way an asymmetric
dependence of the spin torque on the angle between the two
FM layers could be derived.6–8 whereby the parameters gov-
erning this asymmetry depend on the conductivities and ge-
ometry of the multilayer device under study. A large effort
has also been made to establish the relation between the
spin-transfer phenomena, interlayer exchange coupling, and
Gilbert damping in multilayer structures �see Refs. 10–13
and citations therein�.

At the same time, the first high quality experimental re-
sults were obtained by studying magnetization oscillations

induced by a spin-polarized current in various systems. Mag-
netization dynamics in nanopillars was investigated in Refs.
14–18. Detailed studies of the steady-state magnetization os-
cillations were reported also for the point-contact
geometry.19–21 In these papers several different precession
modes were identified and the dependencies of the preces-
sion frequency and microwave oscillation power on the ex-
ternal field and dc strength were investigated.

Quantitative comparison between theory and experiment
remains, however, a delicate issue due to fairly complicated
remagnetization processes involved. Experimentally acces-
sible multilayered nanostructures have thicknesses in the
range of several nanometers and lateral sizes about 100 nm
and larger which are far above the critical size for the single-
domain behavior. For this reason one expects the formation
of relatively complex domain structures during the magneti-
zation switching, especially taking into account that for most
equilibrium magnetization states the spin-induced torque has
different directions for different parts of the nanoelement
�see, e.g., the discussion in Ref. 22�. Indirect evidences for
such a domain-mediated switching can be found already in
the first semiquantitative experimental studies,23 where a
quasistatic switching of a nanoelement by changing the ex-
ternal field or the electric current strength was investigated.
Recent experiments have confirmed that a macrospin �single-
domain� approximation cannot explain several important ob-
servations concerning the magnetization dynamics in nano-
pillars and point contacts,14,18,20 although the macrospin
model was able to predict some of its qualitative aspects like
the existence of a steady-state precession regime by itself
�for the most detailed study in frames of a macrospin ap-
proach see Ref. 24�.

For this reason the full finite-element micromagnetic
modeling is required in order to understand whether the dis-
crepancies between theoretical predictions and experimental
observations are due to a poor theoretical understanding of
the basic physics involved or because the formation of com-
plicated domain structure significantly alters the experimen-
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tally measurable system properties. Until the present time
very few such studies have been carried out. In the pioneer-
ing paper22 devoted to this subject the formation of compli-
cated magnetization states already in a nanoelement with lat-
eral sizes as small as 125�125 nm was found. In the latter
detailed study25 of the magnetization dynamics of a 64
�64 nm square with thickness of 2.5 nm it was predicted
that the behavior of this element is nearly single domain.
However, the results of Ref. 25 turned out to be at least
partially incorrect for the parameters of magnetic materials
typically used experimentally: it was shown26,27 that for a
nanoelement with this thickness significant deviations from
a single-domain behavior appear already for lateral sizes
b�30 nm and a completely chaotic magnetization pattern
was found for b�60 nm, which clearly emphasizes the im-
portance of full-scale micromagnetic simulations.

To our knowledge, systematic micromagnetic studies con-
cerning the spin-injection-driven magnetization dynamics
have been performed only for a SPC-induced noise in
spin-valves.28 In addition, in several short reports29,30 some
qualitative aspects of the magnetization dynamics of ellipti-
cal nanoelements �concerning mainly the transition from a
homogeneous to a noncoherent magnetization precession�
were discussed.

In this paper we present a systematic study of the magne-
tization dynamics of an elliptical nanoelement under the in-
fluence of a spin-polarized current. The paper is organized as
follows: In Sec. II we outline our simulation methodology,
paying special attention to the justification of our choice of
the simulation parameters. In Sec. III we present our simu-
lation results, starting with a “minimal” micromagnetic
model and then adding the effects of a polycrystalline struc-
ture and thermal fluctuations. In the same section we analyze
also the influence of the exchange stiffness constant on the
magnetization dynamics, keeping in mind that among vari-
ous magnetic parameters of a ferromagnetic material the ex-
perimental determination of this constant is the most difficult
task. In Sec. IV we compare our results first with numerical
simulations of other groups and then with the experimental
studies of the microwave oscillations in such a nanoelement.
At the end of this last section we discuss how the factors
which were not included in our model could affect the mag-
netization dynamics of the system under study.

II. NUMERICAL SIMULATIONS: METHODOLOGY
AND CHOICE OF MATERIAL PARAMETERS

Numerical simulations were carried out using our package
MicroMagus,31 whereby the spin injection was included in
form of the Slonczewski torque �= �aJ /MS� · [M� �M�S�]
�S is the spin polarization direction of the current through a
nanoelement�. The magnitude of the spin torque aJ was as-
sumed to be space independent �constant throughout a simu-
lation area�, which means neglecting �among other things—
see the discussion below� the effects of the lateral spin
diffusion discussed in Ref. 32. The time evolution of the
magnetization configuration was obtained by integrating the
Landau–Lifshitz–Gilbert �LLG� equation of motion for the
system magnetization using the modified Bulirsch–Stoer al-

gorithm. This method includes an adaptive step size control,
which is especially important when simulating dynamics of a
strongly nonhomogeneous magnetization configuration.

Keeping in mind the intended comparison of our simula-
tion results with those obtained experimentally, we have
made an effort to choose the system parameters as close as
possible to their values for experimentally studied nanoele-
ments. Among these experimental studies we have selected
the publication of the Cornell group,14 where some of the
qualitatively most interesting results on the Co/Cu/Co sys-
tem were reported.

An elliptical element with the geometry corresponding to
that used in Ref. 14, i.e., with lateral sizes 130�70 nm2 and
thickness d=3 nm, was simulated. The element was dis-
cretized in plane using the mesh size 2.5�2.5 nm2 �we have
checked that further mesh refinement did not lead to any
noticeable changes in the simulation results�.

The choice of the magnetic material parameters requires
special justification.

The saturation magnetization of thin Co layers, as it is
well known, may be different from that of the bulk material.
For this reason we have used the saturation magnetization
4�MS=10 kG as measured in Ref. 14 on a Co/Cu multilayer
system where each Co layer was 3 nm thick �see below also
our analysis concerning the influence of the saturation mag-
netization value on the final results�.

The value of the exchange stiffness constant A for a bulk
Co and thin Co film is also a subject of controversial discus-
sions. Some earlier measurements have led to the values in
the range A= �1−2��10−6 erg cm−1 �see Ref. 33 and cita-
tions in Ref. 34, pp. 368–381�. In later experiments35 per-
formed using the inelastic neutron scattering on bulk Co
crystals and recent measurements36 carried out on thin Co
films using the elastic small-angle neutron scattering, signifi-
cantly higher values A= �2.8−3.1��10−6 erg cm−1 have been
found. For this reason we have chosen the value A=3.0
�10−6 erg cm−1 as a basis and have also studied how the
smaller values of A would affect the results.

We did not introduce any artificial homogeneous aniso-
tropy into our simulations �for the random ansotropy due to
a possible polycrystalline grain structure see detailed discus-
sions below�. However, it is worth mentioning that we do
obtain an average uniaxial in-plane anisotropy of our ele-
ment which arises by itself due to the magnetodipolar inter-
action between various discretization cells of the ellipse �as it
should be in micromagnetic simulations, in contrast to mac-
rospin model, where this anisotropy has to be introduced as
an artificial feature�. Simulating quasistatic hysteresis loops
�at T=0�, we have found that for geometric and magnetic
parameters given above this shape anisotropy is significant:
for the in-plane external field tilted at 5° relative to the long
ellipse axis we obtain a typical easy-axis hysteresis with the
coercivity Hc�250 Oe for the element with 4�MS=10 kG
�see above� and Hc�400 Oe for 4�MS�17.6 kG �standard
value for Co�. Inclusion of the random grain anisotropy has
led to �in some cases large� increment of the coercivity, but,
lacking exact information about the grain type and structure
of the experimentally studied samples, we do not intend to
discuss here detailed results of our quasistatic simulations.

The treatment of the Gilbert damping �represented in the
standard version of the LLG equation by the double vector
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product [M� �M�Heff�] multiplied by a constant factor ��
is at present a subject of an intensive research and is also
closely related to the problem of a correct choice of the spin
torque term. First, even in the absence of an externally
driven spin-polarized current, the value of the dissipation
constant in thin film systems may substantially deviate from
its value for the corresponding bulk material �see a short
survey of experimental data collected in Ref. 10�. This effect
is usually attributed to a spin transfer �and subsequent relax-
ation� from a ferromagnet into a normal metal layer10 and/or
to a similar process leading to a “dynamic exchange cou-
pling” between two FM layers.11 In addition, it was shown12

that due to the dependence of the spin pumping and the spin
accumulation on the angle between the magnetizations of
FM layers in a FM-N-FM systems the damping depends on
the instantaneous magnetization configuration of FM layers.

The same mechanisms are responsible for a nontrivial de-
pendence of the magnitude of the spin torque � on the angle
� between the FM layer magnetizations �the trivial part of
this dependence, ��sin �, is contained in the double vector
product [M� �M�S�]�. Various theoretical approaches7,9,37

have led to the conclusion that in a symmetric spin valve the
functional dependence of the spin torque on � can be cast
into the form ����� P	2 sin � / ��	2+1�+ �	2−1�cos ��,
where P is proportional to the difference between the resis-
tances for the electrons with opposite spin directions and 	
may be expressed as a function of a total resistance and
conductance of a nonmagnetic metallic spacer. For a non-
symmetric spin valves more complicated formulas were
derived.9

Both topics discussed above—�i� dependence of the dis-
sipation parameter � on the average and local characteristics
of a multilayer and �ii� a complicated dependence of a spin
torque magnitude on the angle between the magnetization
vectors in adjacent layers—can and should in principle be
incorporated into micromagnetic simulations. However, the
study of the influence of these factors on the magnetization
dynamics is for obvious reasons a separate and difficult prob-
lem. In our opinion, this problem should be addressed after
the magnetization dynamics driven by a spin-polarized cur-
rent is sufficiently well understood for the model where both
the damping parameter and the coefficient before the Slonc-
zewski torque term are assumed to be constant. As we shall
see below, this is still not the case if one goes beyond the
macrospin approximation, i.e., when the complicated magne-
tization structures arising in nanoelements under realistic
conditions are taken into account. For this reason we have
decided to put both �=const and aJ=const �so that ����
�sin �� in order to find out �i� which qualitative features of
the experimentally observed steady-state precession and
switching of magnetic nanoelements can be explained within
this simplified treatment of the spin-transfer-induced torque
and �ii� whether this model can provide quantitative agree-
ment with experimental data for reasonable parameter val-
ues. In the future, the comparison of our results presented
here with simulations employing more sophisticated spin
torque models will allow the unambiguous identification of
dynamic phenomena arising due to the above-mentioned
nontrivial properties of the Gilbert damping and the compli-
cated � dependence of the spin torque magnitude.

Within the approach outlined above we are left with two
problems: how to choose the value of the Gilbert damping �
and the proportionality coefficient between the experimen-
tally measured current values I and the Slonczewski term
magnitude aJ for our system. We are not aware of any inde-
pendent measurements of � for the experimental situation
similar to that studied in Ref. 14, which are reliable enough
to be used as a simulation input. Hence we have adopted the
following strategy to choose this parameter. First, it is well
known from general considerations and confirmed by nu-
merical simulations28 that the current threshold Imin for the
onset of the steady-state magnetization oscillations grows
linearly with �. At the same time, we have found that the
critical current value Imax for which the oscillations disappear
is nearly independent on the damping. For this reason we
have chosen the damping which enabled us to reproduce a
ratio of the maximal and minimal currents Imax/ Imin for
which a significant microwave power was observed
experimentally.14 This procedure led to the value ��0.04.
This damping is significantly higher than the usually re-
ported values of � in Co ���0.01–0.02� which might indi-
cate that the effects discussed above lead �on average� to a
substantial enhancement of the damping in the system under
study.

Establishing the relation between the total current I �or the
current density j� and the spin torque magnitude aJ is re-
quired for the calculation of the current-induced magnetic
field �Oersted field�. Following the discussion above, we did
not try to calculate the corresponding proportionality coeffi-
cient using various available theoretical models. Instead, we
have again used for this purpose the value of the current
threshold Imin reported in Ref. 14. Namely, we have calcu-
lated the Oersted field for the critical current value Imin
�which is �2 mA for Hext=2 kOe in Ref. 14� corresponding
to the onset of steady-state oscillations. Afterwards, keeping
the Oersted field constant, we have increased the value of aJ
until the steady-state precession emerged, thus obtaining the
critical value of the spin torque aJ

cr. The ratio between Imin
and aJ

cr was then used as a constant proportionality coeffi-
cient between aJ and I �we need the latter to calculate the
Oersted field for the known geometry� when we increased
the spin torque value aJ in our studies.

We have chosen the coordinate system with 0xz plane
coinciding with the element plane and 0x axis parallel to the
long ellipse axis. All simulation results presented here were
obtained for the external field H0 with components H0x
=2000 Oe, H0y =20 Oe, and H0z=100 Oe. The H0x value
corresponds to that used for several measurement series re-
ported in Ref. 14, the small in-plane deviation H0z was in-
troduced to mimic a corresponding small angle between the
long ellipse axis and the external field,14 and the very small
out-of-plane component H0y was introduced to remove an
artificial numerical degeneracy present when the field is ap-
plied exactly in the layer plane. The spin polarization vector
S was chosen to be antiparallel to the external field, thus
assuming that the magnetization direction of the polarizing
�lower� layer coincides with the external field �the upper
layer magnetization dynamics is driven by the electrons re-
flected from the polarizing layer so that their average spin
polarization is opposite to that of the lower layer�.
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For a direct comparison of simulation results with experi-
mental data we need to calculate the spectral power of the
resistance oscillations. To do this, we make an assumption
that in the CPP geometry �current perpendicular to plane� the
resistance variation due to the magnetization dynamics for
the current flowing through the ith discretization cells of the
free �magnetization direction mi

free� and fixed �mi
fix� layers

can be written as 
Ri=
Rmax�1−cos �i� /2=
Rmax�1
− �mi

freemi
fix�� /2. We note in passing that at present more

complicated dependencies of the magnetoresistance on the
angle between the adjacent layer magnetizations are dis-
cussed �in addition to the papers mentioned above, see, e.g.,
Ref. 8�. However, at this stage of our research where we
have to use the angular-independent spin torque magnitude
aJ, we prefer to use the standard cos-like dependence written
above, thus treating both phenomena �magnetoresistance and
spin torque� in a consistent manner.

For the device under consideration the variation of the
resistance due to the magnetization precession is much lower
than its value in the absence of magnetoresistive effects. Us-
ing this simplifying assumption, the total time-dependent re-
sistance variation of our discretized micromagnetic model
treated as a system of Nc parallel resistors can be expressed
as a function of the fixed layer magnetization direction mfix

�this layer is assumed to be homogeneously magnetized� and
the average magnetization direction �mfree� of the free layer
as


Rtot�t� =

Rmax

2Nc
�1 − �mfix · �mfree��� . �1�

Taking into account that the in-plane magnetization direc-
tion of the fixed layer for the geometry under study coincides
with in-plane external field direction �given by the unit vec-
tor eh=H0 /H0� and that the out-of-plane component of mfix

is vanishingly small, we finally obtain the formula


Rtot�t� =

Rmax

2Nc
�1 − �ex

h�mx
free� + ez

h�mz
free��� , �2�

which enables a direct calculation of the magnetoresistance
oscillation spectrum from the known time dependencies of
the average in-plane magnetization projections of the free
layer.

For later references we also note that the frequency of
the homogeneous ferromagnetic resonance �FMR� mode of
the extended thin film with magnetic parameters and under
external conditions given above would be fFMR

�0�

= �� /2�� · �H0�H0+4�MS��1/2�13.7 GHz.

III. NUMERICAL SIMULATIONS: RESULTS
AND DISCUSSION

A. Magnetization dynamics for T=0: A “minimal”
micromagnetic model with the reference parameter set

We begin with the description of the steady-state preces-
sion without thermal noise. For this case �T=0� all the spec-

FIG. 1. Magnetization dynamics for an elliptical element with a reference parameter set near the oscillation onset threshold. Panel �a�:
power spectra of the mz

av component for various aJ values as indicated in the figure. Panel �b�: magnetization dynamics for aJ=0.333
represented by the enlarged mz

av-oscillation spectrum and the projection of the average magnetization trajectory on the coordinate plane 0xz
�coinciding with the nanoelement plane�. Panel �c�: the same as on �b� for aJ=0.360—immediately after the transition to a quasichaotic
oscillation regime. Gray-scale maps represent spatial distributions of the oscillation power mz�r� for corresponding spectral peaks. The nearly
homogeneous brightness �inside the border of the elliptical element� of the map shown in the panel �b� means that the spatial distribution of
the oscillation power is almost uniform.
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tra presented below were calculated from the magnetization
trajectories obtained during the simulation runs with the du-
ration corresponding to physical times t�500 ns.

In the absense of thermal fluctuations there exist for a
fixed external field and increasing current �increasing aJ in
our formalism� a sharp transition from a stable magnetization
state �time-independent magnetization configuration� to a
steady-state regime with regular oscillations. In this subsec-
tion we consider a “minimal” micromagnetic model, where
the polycrystalline structure of a nanoelement is neglected,
so that no random magnetic anisotropy of crystal grains is
taken into account.

We start the analysis of our simulation results from the
regular oscillation regime, which is characterized by a nearly
homogeneous magnetization configuration during the preces-
sion. For the nanoelement parameters �4�MS=10 kG, A
=3.0�10−6 erg cm−1, and �=0.04� and the external field
�H0= �2000,20,100� Oe� given above, the current threshold
for the oscillation onset in our “minimal” model was found
to be aJ

cr=0.3310�5�. When aJ is increased above this value,
a very fast growth of the oscillation amplitude was observed.
In particular, for aJ=0.333 the oscillation amplitude of the
average z projection of the element magnetization mz

av �the
in-plane projection along the short ellipse axis, nearly per-
pendicular to the external field� was already 
z�0.7 �see
Fig. 1�b��. The regular oscillation regime exists in a ex-
tremely narrow aJ region 0.331�aJ�0.355. In this regime
the spectrum of mz

av oscillations contains only a single very
narrow peak whose frequency is f1�10.37 GHz for
aJ=0.333 and decreases to f1�9.14 GHz for aJ=0.350. We
point out that already for aJ=0.333 the steady-state oscilla-
tion frequency is well below the frequency of the homoge-
neous FMR mode fFMR

�0� , although the distribution of the os-
cillation power is almost perfectly homogeneous �Fig. 1�b�,
left panel�. The reason is that even for this aJ value, which is
very close to the oscillation onset threshold aJ

cr, the oscilla-
tion amplitude is so large that the formula fFMR

�0�

= �� /2�� · �H0�H0+4�MS��1/2 used to calculate fFMR
�0� �where

small deviations of magnetization from its equilibrium orien-
tation are assumed� is not applicable.

We also note that for the type of the magnetization dy-
namics discussed here—the magnetization is precessing
around �approximately� the x direction—the mx component
moves back and forth twice during one complete oscillation
cycle �see, e.g., right graphs in Figs. 1�b� and 1�c�� and hence
the mx

av oscillation frequency is approximately two times
larger than for mz

av oscillations.
As mentioned above, the regular oscillation regime

with well-defined limit cycles for the average system mag-
netization �Fig. 1�b�, right panel� persists up to aJ

ch�0.355.
Further small increment of the current strength leads to an
abrupt transition to a quasichaotic magnetization motion
�whether it is truly chaotic in the sense of nonlinear dynam-
ics should be investigated separately; see also our brief dis-
cussion in Ref. 26�. An example of the magnetization trajec-
tories in this quasichaotic regime is given in Fig. 1�c�. The
onset of this regime is characterized by the appearance of
relatively broad spectral lines �broader than �1 GHz�, in
strong contrast to the regular regime, where spectral lines at

T=0 are so sharp that their widths for the minimal model
were smaller than the inverse of our simulation run times.

For currents not much larger than the transition value aJ
ch

the oscillation spectra of the average magnetization compo-
nents still exhibit a well-defined structure with several peaks
corresponding to several oscillation eigenmodes with differ-
ent spatial distribution of the oscillation power. An example
of such a spectrum with spatial maps attributed to different
spectral peaks is given in Fig. 1�c� �left panel�. In-plane spa-
tial distributions of the oscillation power were calculated
from the time-dependent trajectories of the discretization cell
moments as described in Ref. 27 �in contrast to the total
spectral power P�f� which was calculated from the Fourier
transform of the magnetization after averaging m�r� over all
discretization cells�. The detailed analysis of these spatial
structures is beyond the scope of this paper. Here we would
like only to mention that the asymmetry of the spatial distri-
butions for the second and third modes is due to the presence
of the Oersted field. Although this field is much smaller than
the external field, its influence for this particular case is vis-
ible due to a relatively large amplitude of the magnetization
oscillation.

Further increasing the current strength �aJ value� results in
the gradual decline of the oscillation power for both in-plane
magnetization components, accompanied by the decrease of
the oscillation frequency as a function of aJ. This behavior is
demonstrated in Fig. 2, where we present the maps of mx

av-
and mz

av-oscillation power as functions of the frequency �ver-
tical axis� and aJ �horizontal axis� together with the magne-
toresistance oscillation power computed according to Eq. �2�.
Characteristic of this dynamical regime is a multi-domain
magnetization configuration whereby the average domain
size decreases with increasing aJ. The average magnetization
is still directed along the external field. For this reason the
formation of an irregular domain structure with smaller and

FIG. 2. �Color online� Spectral power of magnetization oscilla-
tions for an elliptical element with a reference parameter set for aJ

values above the transition from a regular to a quasichaotic regime.
Oscillation power of mx

av �a� and mz
av �b� magnetization components

together with the magnetoresistance oscillation power �c� calculated
from the relation �2� are presented. A region on the �aJ− f�-plane
corresponding to the spectral peaks shown in Fig. 1 �regular preces-
sion regime� is marked as a white rectangle in the panel �b�.
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smaller domains leads to the appearance of a substantial non-
zero magnetization divergence in the inner areas of the
nanolelement, which results in the increase of the magneto-
static �stray� field in the direction opposite to the average
magnetization �in contrast to the collinear magnetization
state where the magnetostatic field is concentrated near the
edges of a nanolement�. This might be one of the reasons
why the oscillation frequency decreases with aJ.

It is important to note that, in contrast to mz
av, the oscilla-

tion power of the mx
av component �parallel to the long ellipse

axis� is concentrated in two frequency regions. First, there is
a contribution from fast mx

av oscillations which frequency is
approximately twice as high as for mz

av oscillations for the
reason explained above. Second, there is a substantial low-
frequency contribution to the oscillation power �which
growth with increasing aJ� due to slow variations of mx

av�t�
which are typical for a quasichaotic motion. Analogous be-
havior of the longitudinal magnetization component in simi-
lar situations was observed in Ref. 26 and 28–30 �see also
the discussion below�.

Increasing aJ above the value aJ�1.4 leads to the disap-
pearance of the chaotic regime and to the establishing of a
so-called “out-of-plane” precession mode. The magnetization
trajectory in this mode is an ellipse with the plane slightly
tilted with respect to the nanoelement plane. The oscillation
frequency abruptly increases and is now for obvious reasons
the same for mx

av and mz
av components �see regions marked by

circles in Fig. 2�. The magnetization is precessing nearly
coherently in this mode, which can be seen from a large
absolute value of the out-of-plane magnetization projection:
my

av�0.8–0.9. The absolute value of the oscillation power in
this regime is at least an order of magnitude smaller than at
the beginning of the quasichaotic motion due a relatively
small precession amplitude.

Comparison of these results with experimental data and
numerical simulations of other groups will be made in
Sec. IV.

B. Magnetization dynamics for T=0: Influence
of the exchange stiffness value

Taking into account a relatively broad region of the ex-
change stiffness constants reported for bulk Co and thin Co
films �see discussion at the beginning of this section�, we
have studied how the decrease of A would affect the magne-
tization dynamics. From general considerations, we expect
the magnetization configuration to become “softer” for
smaller exchange stiffness, so that the influence of a strongly
inhomogeneous self-demagnetizing field of a flat elliptical
nanoelement should lead to an equilibrium magnetization
configuration which is less collinear than in a system with
larger A. This, in turn, should result in a broader distribution
of the resonance fields for different regions of a nanoelement
�different discretization cells in our micromagnetic model�,
thus leading to a slower increase of the magnetization oscil-
lation amplitude with increasing aJ �above the oscillation
threshold aJ

cr�. In addition, for smaller exchange the transi-
tion from a regular to a quasichaotic oscillation regime is
expected to occur earlier �for smaller aJ�.

All these features were indeed observed in our simula-
tions, whereby it has turned out that from the quantitative
point of view the nanoelement with the geometry under
study is quite sensitive already to moderate decrease of A. In
Fig. 3 we display an example of the transition from a regular
to a quasichaotic behavior for the nanoelement with param-
eters identical to those given in the preceding subsection, but
with A=2.0�10−6 erg cm−1. The oscillation threshold aJ

cr

=0.3290�5� is almost the same as for the system with the
reference parameter set. However, the spectral power of
magnetization oscillations in a regular regime is substantially
smaller than for a “reference” system. In particular, when aJ
exceeds the oscillation threshold value by 
aJ=0.0015 �aJ
=0.331, see corresponding spectrum in Fig. 3�a� and trajec-
tories in Fig. 3�b��, the oscillation amplitude is significantly

FIG. 3. Magnetization dynam-
ics for a nanoelement with the ex-
change constant reduced to A
=2.0�10−6 erg cm−1 �other pa-
rameters are as for a reference pa-
rameter set� represented in the
same way as in Fig. 1. Note that
the maximal oscillation power in a
regular precession regime is much
smaller than in Fig. 1.
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smaller than for the same situation for a reference system
�Fig. 1�b��. For this reason the oscillation frequency here �f
�12.45 GHz� is much closer to fFMR

�0� than for the peak
shown in Fig. 1�b�.

The transition to a quasichaotic motion occurs, due to the
reason explained above, for a somewhat smaller current
value aJ

ch=0.338�1�. Interestingly, the nontrivial mode struc-
ture appears for this system already before the transition �see
spectra for aJ=0.334 and aJ=0.336 in Fig. 3�a��. In addition,
for the system with smaller A only the first and third modes
from of the eigenmode set identified for A=3.0
�10−6 erg cm−1 are visible in the power spectrum of mag-
netization oscillations just above the transition to chaos. The
analysis of the spatial distribution of the oscillation power
using Fourier transforms of trajectories for individual dis-
cretization cells reveals that the second mode �with the inter-
mediate frequency� is still present. However, the spatial
structure of this mode for this smaller exchange value is
nearly symmetric �compare oscillation power maps in Figs.
1�c� and 3�c��, and the mode does not manifest itself in the
spectrum of the average magnetization dynamics, because
the magnetization in the left and right mode localization re-
gions oscillates in opposite phases.

Analyzing the influence of exchange stiffness value on the
overall spectral picture in the chaotic regime, we can see that
the decrease of A increases the upper boundary of the current
region where the quasichaotic regime exists �compare Figs.
5�a� and 5�b��. In addition, it can be seen that the decrease of
A to A=2.0�10−6 erg cm−1 leads to a nearly complete dis-
appearance of the “out-of-plane” precession region. This
means that for large spin torque values this exchange con-
stant is not high enough to ensure the collinear magnetization
structure necessary for the very existence of the “out-of-
plane” precession mode.

C. Magnetization dynamics for T=0: Influence of the random
crystal grain anisotropy

It is well known that thin sputtered Co films have a poly-
crystalline structure which in the simplest case can be treated
as absolutely random and characterized by a single
parameter—the average grain size �D�. In all the simulations
whose results are shown below we have used �D�=10 nm.
Of course, without any quantitative information about the
crystallographic structure of experimental samples, this value
should be considered as a reasonable estimate only. We note
in this connection that we have chosen this value to be rather
small, keeping in mind that any increase of the average grain
size would enhance the effects discussed below.

To study a nanoelement with such a random polycrystal-
line structure we have applied a standard procedure included
into the MicroMagus31 package. The procedure starts with
the random placement of “growth centers” within the simu-
lated nanoelement, whereby the number of growth centers is
determined from the nanoelement size and the average grain
size �D�. Afterwards the crystal grains are “built” simulating
a simple isotropic 2D growth which starts simultaneously at
all growth centers and is terminated at the locations where
the adjacent grains touch each other. The routine stops as

soon as the whole element area is covered by the grains.
Finally a random direction of the anisotropy axes is assigned
to each grain, which means that �i� for all discretization cells
within a given grain the anisotropy axes directions are the
same, but �ii� the corresponding directions for two different
grains are not correlated.

Thin Co films may have a polycrystalline structure with
grains having either fcc or hcp crystal lattice type. Co films
with thicknesses about several nanometers epitaxially grown
on Cu substrates possess the fcc crystallographic structure
�see, e.g., Ref. 38 and references therein�, so it is likely that
Co films sputtered on the same substrate �as those used in
Ref. 14� also have predominantly the fcc structure �see also
results and discussion in Ref. 39�. Hence we begin this sub-
section with the analysis of simulation results for the corre-
sponding case.

1. Magnetization dynamics for a nanoelement with fcc crystal
grains

At room temperatures the fcc crystallographic modifica-
tion of Co is unstable for bulk crystals, so that measurements
of the anisotropy constant can be performed only on thin
films for which fcc structure is stabilized by, e.g., a suitable
substrate choice �like Cu with the 111 orientation of the sub-
strate surface�. This circumstance leads to considerable dif-
ficulties by the anisotropy constant determination, which
could be performed mainly on epitaxially grown films �see,
e.g., Ref. 40�. The values of the first cubic anisotropy con-
stant obtained for thin Co films grown at different conditions
on different substrates are within the range K1

cub= �5–8�
�105 erg cm−3, so we have used the value K1

cub=6.0
�105 erg cm−3 in our simulations. Varying K1

cub within the
region cited above did not lead to any significant changes of
the results.

From this anisotropy value and the standard saturation
magnetization of Co MS�1400 G �which is almost the same
for fcc and hcp phases� one can determine the reduced an-
isotropy constant =2K1 /MS

2 �see Ref. 41, Chap. 5, also
sometimes referred to as a “quality factor” Q�. The corre-
sponding value �0.6 is not small �and is even larger if we
substitute into the expression for  the reduced MS value
reported in Ref. 14�, which means that this random aniso-
tropy may cause substantial inhomogeneities of magnetiza-
tion structure in a polycrystalline sample. In nanocrystalline
thin films, however, where the grain size is of the same order
of magnitude as the exchange length, the influence of the
random anisotropy is strongly diminished, because its effect
is “averaged out” due to uncorrelated anisotropy directions
in adjacent crystallites.42

Nevertheless, in the nanoelement under study �with the
average grain size �D�=10 nm� the random cubic anisotropy
leads to a noticeable deviations of the magnetization struc-
ture from the configuration obtained for an ideal nanoele-
ment �without the polycrystalline structure� and thus results
in an observable spread of resonance fields for different crys-
tallites. Qualitatively this leads to the same effect as the de-
crease of the exchange constant: after passing the threshold
value aJ

cr=0.337�2� the amplitude of the SPC-driven preces-
sion of the average magnetization increases much more
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slowly than in the absence of the random anisotropy. In
particular, for aJ=0.340 we can still observe a really
small-angle homogeneous precession with the frequency
fhom�13.6 GHz which is virtually equal to fFMR

�0�

���13.7 GHz�—see Fig. 4�b�.
In contrast to the decrease of the exchange constant,

which leads to systematic deviations of the magnetization
configuration from a homogeneously magnetized state under
the influence of the self-demagnetizing field, a crystal grain
anisotropy leads to random deviations of the magnetization.
For this reason the mode structure after the transition to the
quasichaotic precession �Fig. 4�c�� looks entirely different
when compared with the case of the reduced exchange con-
stant �Fig. 3�c��. And, finally, the analysis of the oscillation
spectra in the quasichaotic region of currents for the nano-
element with a random polycrystalline structure �Fig. 5�c��
shows that the presence of such an anisotropy slightly ex-
pands the existence region of quasichaotic oscillations �com-
pare with Fig. 5�a�� and significantly decreases the spectral
power of out-of-plane oscillations. The latter effect is due to
the same reason as for the case of a reduced exchange—
random anisotropy disturbs the homogeneous magnetization
configuration required for the existence of an out-of-plane
precession.

2. Magnetization dynamics for a nanoelement with hcp crystal
grains

It has been shown experimentally39 that although crystal-
lites of thin Co films sputtered on Cu/111 substrates have
mostly the fcc structure, there exists a non-negligible fraction
of grains possessing a “normal” hcp structure of bulk Co
crystals. For this reason we have also studied the magnetiza-
tion dynamics of a polycrystalline nanoelement with hcp
grains having the same average size �D�=10 nm.

Magnetic anisotropy of the hcp modification of Co can be
treated for our purposes as a uniaxial one with only the first
anisotropy constant K1

cub=4.5�106 erg cm−3 �see, e.g., Ref.
43� taken into account. The reduced anisotropy constant
�4.6 is calculated from this K1 value and the same satu-
ration magnetization MS�1400 G is so large that the ran-
dom anisotropy plays a crucial role even in a sample with
such small crystallites. This can be seen very well in Fig. 6,
where we show maps of the oscillation power for polycrys-
talline nanoelements with hcp grains. The four maps �a�–�d�
were computed for “samples” with identical macroscopic pa-
rameters �reference parameter set and one and the same
value of the random uniaxial anisotropy of crystallites K1

cub

=4.5�106 erg cm−3�, but using different realizations of a
random polycrystalline structure. The most striking feature
of the spectra shown in Fig. 6 is that they are qualitatively
different for different samples. In particular, we can recog-
nize both �i� a large spread of the regular oscillation frequen-
cies �narrow peaks for small aJ lie in a wide range
�10–20 GHz� and �ii� very different width and aJ depen-
dencies of broad spectral bands in the region of a quasicha-
otic behavior. In addition, we observe large frequency jumps
by the transition from a regular to a quasichaotic regime �see,
e.g., realizations �a� and �b��. This is in strong contrast to the
behavior of a nanoelement with an absent or moderate aniso-
tropy, where the regular oscillation frequency before the
transition to a quasichaotic regime was “inherited” by a main
spectral peak of quasichaotic oscillations just after the tran-
sition.

Further insight into the magnetization dynamics of a poly-
crystalline nanoelement with hcp grains can be gained by the
analysis of the magnetization trajectories and spatial distri-
bution of the oscillation power. Three-dimensional trajecto-
ries of the average system magnetization for the sample
marked as �b� in Fig. 6 at the aJ values before �aJ=0.50� and

FIG. 4. The same as in Fig. 1
for a nanoelement with the refer-
ence parameter set and the ran-
dom magnetic anisotropy corre-
sponding to a polycrystalline fcc
Co film structure with the average
grain size �D�=10 nm.

D. V. BERKOV AND N. L. GORN PHYSICAL REVIEW B 72, 094401 �2005�

094401-8



immediately after �aJ=0.54� the transition from a regular to a
quasichaotic regime are shown in Fig. 7 together with mx

av

and mz
av power spectra and spatial maps of mx�r� and mz�r�

oscillation power.
First of all we note that due to a strong influence of the

hcp anisotropy with randomly oriented anisotropy axes in
various grains, the average nanoelement magnetization does
not precess anymore approximately around the x axis �long
ellipse axis� even in the regular regime. This is clearly dem-
onstrated in Fig. 7�a�: the limiting cycle in the form of a
narrow bent torus is strongly tilted with respect to the x axis.
Such an asymmetric trajectory leads to the appearance of a
strong spectral peak at the basic precession frequency also in
the oscillation spectrum of the longitudinal magnetization

component mx
av �compare with spectral maps for an element

without a random anisotropy in Figs. 2�a� and 2�b��.
The next important feature is a strongly irregular spatial

distribution of the oscillation power which is especially pro-
nounced for the mx�r� component �gray-scale map in Fig.
7�b��. It is evident that this power distribution is determined
by the random polycrystalline structure; this circumstance is
again in a strong contrast to the case of an absent or moder-
ate fcc anisotropy. By the transition to a quasichaotic regime
this spatial distribution changes drastically �compare corre-
sponding maps in Figs. 7�b� and 7�e��, thus causing a rela-
tively large frequency jump by this transition. For example,
the difference between the positions of the peaks correspond-

FIG. 5. �Color online� Comparison of the magnetoresistance power spectra in a quasichaotic regime for nanoelements with the reference
parameter set �a�, the reference parameter set except the reduced exchange stiffness constant A=2.0�10−6 erg cm−1 �b�, and the “reference”
parameter set and a polycrystalline structure with average grain size �D�=10 nm� �c�. For the last case the random orientations of anisotropy
axes for different grains and the fcc Co structure �cubic anisotropy of grains with K1

cub=6.0�105 erg cm−3� were assumed. It can be seen that
both the reduction of the exchange stiffness constant and inclusion of a random anisotropy lead to �i� the expansion of the aJ region where
quasichaotic oscillations exist and �ii� decrease of the out-of-plane oscillation power �compared to the maximal oscillation power in the
quasichaotic regime�.

FIG. 6. �Color online� Maps of
the magnetoresistance oscillation
power for a nanoelement with the
reference parameter set and a
polycrystalline structure with hcp
Co grains. The grains with �D�
=10 nm have a uniaxial aniso-
tropy �K1

un=4.5�106 erg cm−3�
and randomly oriented anisotropy
axes. Maps �a�–�d� represent os-
cillation power spectra for nano-
elements with the same macro-
scopic parameters, but different
realizations of a random polycrys-
talline structure.
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ing to basic oscillation frequencies in Fig. 7�b� and 7�e� is
�3.5 GHz.

Further discussion of these results is again postponed un-
till the next section.

D. Magnetization dynamics for finite temperature: Influence
of thermal fluctuations

Simulations of the magnetization dynamics taking into ac-
count thermal fluctuations were performed by adding the
“fluctuation field” Hfl to the total effective field in the LLG
equation of motion. We have used components of Hfl with
zero means and � correlated in space and time,

�H�,i
fl �0�H�,j

fl �t�� = 2D��,��i,j��t� , �3�

where the noise power D= �� /1+�2� · �kT /��� depends on
the system temperature T, damping �, and the total magnetic
moment of a discretization cell �=MS
V. In principle it is
known that the nontrivial correlation properties of the ran-
dom noise appear in numerical micromagnetics due to the
discretization of a formally continuous problem. We refer the
interested reader to Refs. 27 and 44 for the detailed discus-
sion about these properties and their possible influence on
the magnetization dynamics. Here we only note that we have
checked the issues mentioned in Refs. 27 and 44 to ensure
that the approximation �3� is sufficiently good for our situa-
tion.

Another problem arising by numerical simulations at fi-
nite temperatures is whether one should change the macro-
scopic magnetic parameters of the material under study when
doing such simulations �see Ref. 45 and citations therein for
the recent discussion�. Taking into account that we use fairly
small discretization cells and simulate the system behavior at
room temperature �T=300 K�, which is well below the Curie
temperature of common magnetic materials, we have left the
macroscopic parameters unchanged. However, we note that
the arguments presented in Ref. 45 make further studies in
this direction worthwhile.

We also point out that the inclusion of the fluctuation field
Hfl with correlation properties given by �3� converts the or-
dinary differential LLG equation into a stochastic one. Due
to random functions appearing on the right-hand side of such
equations numerical methods for their solution have, in gen-
eral, a much lower accuracy order than their counterparts for
ordinary differential equations.46 For this reason a much
smaller time step is required to integrate the LLG equation
with the prescribed accuracy at T�0. In our particular case,
for T=300 K and discretization cells with a relatively small
size �note that the noise power in Eq. �3� is inversely propor-
tional to the cell volume�, the time step had to be decreased
by more than an order of magnitude. Hence for T=300 K we
have performed simulations only during the physical time of
�50 ns �after establishing the steady-state oscillation re-
gime�. This circumstance explains why the statistical errors
in spectra shown in Fig. 8 are considerably larger than for
those analyzed in previous subsections �for T=0�, especially
for a quasichaotic oscillation regime.

Example results of our simulations including thermal
fluctuations are displayed in Fig. 8, where we present the
analysis of the magnetization dynamics of a polycrystalline
nanoelement with a reference parameter set and fcc Co
grains.

Comparing these data with the results shown in Figs. 4
and 5�c� we can see, first of all, that thermal fluctuations
have a qualitative influence on the regular precession regime
�the region of regular oscillations is marked also in Fig. 8�.
On the one hand, the aJ region where corresponding oscilla-
tions exist is much broader than for T=0: already for aJ
=0.2 the mz

av oscillation power is twice as large as in the
absence of a spin current. On the other hand, the width of
corresponding spectral lines drastically increases. For T=0
the linewidth of mz

av-oscillation spectra for a regular preces-
sion was always 
f �20 MHz, whereby this number repre-
sents an upper limit posed on 
f by the finite duration of our
simulations. Inclusion of a thermal noise leads to strong
aJ-dependent broadening of the spectral lines: at room tem-

FIG. 7. Magnetization trajec-
tories �a�,�d� and oscillation power
spectra for mx

av �b�,�e� and mz
av

�c�,�f� magnetization components
for a random polycrystalline struc-
ture realization marked as �b� in
Fig. 6. The graphs in the upper
row are for the current value aJ

=0.50 before the transition from a
regular to a quasichaotic behavior,
the lower row shows results for
aJ=0.54 which is immediately
after this transition. Maps in
the graphs �b�,�c�,�e�, and �f� dis-
play the spatial distribution of
the oscillation power for
the corresponding magnetization
components.
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perature in the regular regime 
f decreases with aJ starting
from the value 
f �1.5�±0.2� GHz for the spectrum of spon-
taneous oscillations �without a spin current, aJ=0� to 
f
�0.4�±0.1� GHz for aJ=0.3.

The second effect of the thermal noise is the strong de-
crease of the out-of-plane oscillation power. Comparison of
Figs. 8�b� and 5�c� shows that in the presence of thermal
fluctuations this power is smaller by more than one order of
magnitude. The reason is the same as explained above by the
comparison of results for a minimal model and its modifica-
tions presented in Fig. 5.

And finally we note that according to our simulations,
thermal noise does not change the frequencies of spectral
peaks in a region where a quasichaotic precession regime is
well established �starting from aJ�0.38 for the system stud-
ied here�. Comparison of corresponding oscillation spectra
reveals that the frequencies of both peaks remain the same
within statistical errors.

IV. DISCUSSION

A. Comparison with numerical simulation results
of other groups

Full-scale micromagnetic simulations of a magnetization
dynamics driven by a spin-polarized current have been per-
formed, up to our knowledge, only in a few papers, which
are partially mentioned in the Introduction.

The first systematic study of the SPC-driven magnetiza-
tion dynamics was performed in Ref. 28 where a noise in-
duced in a double-layer system with the geometry corre-
sponding to a CPP spin valve head was investigated. Several
features of the spin-current-induced precession observed in
Ref. 28 �fast increase of the magnetization oscillation power
after the appearance of a steady-state precession, linear de-

pendence of the current threshold value on the damping con-
stant �, uniform magnetization precession for low current
values and chaotic magnetization motion for large currents,
and significant low-frequency contribution to the oscillation
power for large currents� are qualitatively similar to our re-
sults. However, a quantitative comparison is not possible,
because geometry and material parameters used in Ref. 28
are very different from ours.

The steady-state magnetization precession in an elliptical
single-layer nanoelement “made of” Permalloy �Ni81Fe19�
was studied for the first time in a short report.29 A polycrys-
talline structure of a nanoelement was neglected, taking into
account an extremely small anisotropy of Py grains. Both
regular and quasichaotic precession regimes were found in
Ref. 29 for an element with lateral size 100�50 nm2. The
increase of the oscillation amplitude beyond the threshold of
the steady-state precession onset observed in Ref. 29 is
somewhat slower than in our simulations. The current region
�normalized on the precession onset value� where a regular
precession regime exists in Ref. 29 is broader than for our
nanoelements without a polycrystalline structure. Both quan-
titative discrepancies can be explained by the smaller ex-
change constant A=1�10−6 of Permalloy �compared to our
system� and a smaller element size used in Ref. 29.

Simulations most closely related to our studies were done
in Ref. 30, where the magnetization dynamics of a single-
layer elliptical element with the same geometry as used by us
was performed. Lee et al.30 did not study how the magneti-
sation dynamics depends on the nanoelement magnetic pa-
rameters and did not carry out a systematic analysis of the
oscillation spectra, but it is nevertheless possible to compare
some results from Ref. 30 with our findings.

First of all we note that Lee et al. simulated a nanoele-
ment with the standard saturation magnetization value of the
bulk Co MS=1400 G. Due to this MS value they could obtain
a satisfactory agreement between the oscillation frequency in
a regular precession regime �called a “small-amplitude sig-
nal” in Refs. 30 and 14� obtained in their simulations and
experimentally.14 For example, for the external field H0
=2 kOe simulations performed in Ref. 30 produce fsim
�16.5 GHz �see Fig. 3b in Ref. 30�, whereby experiment of
the Cornell group gives14 fexp�16 GHz. This agreement is a
natural consequence of a higher MS value used in Ref. 30
compared to our simulations and the MS value measured for
a sample used in Ref. 14: the Kittel FMR frequency obtained
for a thin film with MS=1400 G at H0=2000 Oe is fFMR

�0�

�17.5 GHz. A slightly smaller value simulated in Ref. 30 is
most probably due to a slightly nonlinear precession charac-
ter �see our discussion of results presented in our Fig. 1�.

We have also performed simulations with MS=1400 G
�results are not shown here� and have obtained for a nano-
element with the same geometry a regular precession with
the frequency fsim�17.2 GHz, which is very close both to
the value obtained in Ref. 30 and that calculated from the
Kittel formula. However, the quasichaotic regime for an el-
ement with such a high saturation magnetization starts by our
simulations at the frequency �16 GHz what is approxi-
mately three times larger than the experimentally observed
value �see Figs. 1c and 1f in Ref. 14�. In this connection we
note that, although the frequencies for a quasichaotic regime

FIG. 8. �Color online� Magnetization dynamics of a polycrystal-
line �fcc Co� nanoelement at T=300 K: transition from a regular to
a quasichaotic behavior �a� and the map of the magnetoresistance
oscillation power for the whole aJ range �b�. Comparison of the
latter map to the analogous map for T=0 in Fig. 5�c� shows that
thermal fluctuations lead to �i� an appearance of an extended region
of a regular precession and �ii� a strong power decrease of the
out-of-plane oscillations.
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are not given in Ref. 30, the transition scenario from a regu-
lar to a quasichaotic precession shown in Fig. 3�c� from Ref.
30 is similar to ours �see, e.g., Fig. 1 in this paper�, so that
we expect that the frequencies at the beginning of a qua-
sichaotic motion for simulations performed in Ref. 30 are
also approximately as high as those for regular oscillations.

In addition, the relation of the maximal to the minimal
current of the range where the quasichaotic regime exists for
a nanoelement with MS=1400 G is also much larger than the
value Imax/ Imin�3 deduced from the data presented in Fig.
1f of Ref. 14. The relation Imax/ Imin increases because the
orientation �on average� of the magnetization along the ex-
ternal field is preserved up to higher current values for a
nanoelement with larger MS. Summarizing, the usage of a
larger saturation magnetization changes the overall agree-
ment between the experiment and simulation for the worse.

It is also instructive to compare our results with the simu-
lations performed in the macrospin approximation in Ref. 14
itself. First of all we note that by performing such simula-
tions one has to introduce the artificial anisotropy field Han
�directed in this case along the long axis of the ellipsoidal
element� in order to reproduce already the quasistatic hyster-
esis loop. The magnitude of this field �or the corresponding
anisotropy constant� is usually chosen to obtain the coerciv-
ity similar to those measured experimentally. From the
physical point of view this field is intended to describe the
average magnetocrystalline anisotropy of a polycrystalline
element and/or its shape anisotropy. The first contribution is
negligibly small in samples without a specially induced in-
plane grain texture �what is probably absent for sputtered Co
films�. The second contribution—the shape anisotropy of a
thin elliptical nanoelement—cannot be described adequately,
by a uniaxial anisotropy term alone, but is in fact a superpo-
sition of a strong “easy plane” anisotropy due to the demag-
netizing field of a thin film �this term has been included into
simulations made in Ref. 14� and an additional in-plane an-
isotropy arising due to a noncircular lateral shape of a nano-
element. The latter anisotropy is not equivalent to the stan-
dard uniaxial anisotropy energy, which is axially symmetric
with respect to the anisotropy axis. This is one of the reasons
why only qualitative information can be expected from such
a macrospin approximation, even if no domain formation is
anticipated during the magnetization reversal.

From this qualitative point of view macrospin simulations
presented in Ref. 14 demonstrate two interesting features
�see Fig. 3 in Ref. 14�: �i� a frequency jump by the transition
from a small-angle to a large-angle precession and �ii� an
out-of-plane precession mode with the frequency increasing
with the current strength.

The first feature is temptingly similar to the frequency
jump found for sample 1 from Ref. 14 when the current was
increased �see Figs. 1d and 1f� and hence was proposed by
Kiselev et al. as a possible explanation for this experimental
observation. Our micromagnetic simulations reveal, how-
ever, that in a full micromagnetic model this jump does not
occur by the transition from a regular to a quasichaotic pre-
cession regime. The reason for this discrepancy between the
macrospin and full micromagnetic model is the following. In
the macrospin approximation the abrupt transition between
the small-angle �ellipsoidal� and a large angle �“butterfly” or

“shell”� precession is accompanied by the strong decrease of
the oscillation frequency because the length of the butterfly
trajectory after the transition is much larger than the length
of the elliptical trajectory before it. Full-scale micromagnetic
simulations reveal that the regular precession regime exists
really up to nearly maximal amplitudes of the magnetization
oscillations. This large amplitudes cannot be significantly in-
creased by the quasichaotic regime and thus the precession in
this regime “inherits” the frequency of regular oscillations,
and the frequency jump by this transition is absent. Hence
the above-mentioned transition cannot be the reason for the
frequency jump observed in a real system.

The second feature obtained in the macrospin
approximation—the out-of-plane precession regime—is not
observed experimentally.14 Indeed, our full-scale simulations
show that this precession mode is relatively unstable due to a
slightly non-collinear magnetization configuration already
for the minimal model, where neither the polycrystalline
structure nor thermal fluctuations are taken into account. Ei-
ther of these two factors disturbs further the homogeneous
magnetization structure, thus nearly wiping out the “out-of-
plane” mode, whose intensity is then probably below the
observable threshold.

B. Comparison with experimental data

As it was mentioned in the Introduction, the quality of
experimental data presented in Ref. 14 is sufficiently high to
allow a quantitative theoretical analysis, but one should of
course begin with a qualitative comparison between experi-
mental and simulated results.

First we note that the presence of several spectral bands
shown in Fig. 1f in Ref. 14 is due to the superposition of
signals arising from the oscillations of the perpendicular and
longitudinal magnetization components. This can be clearly
seen from Eq. �2� and Fig. 2�c�, where the magnetoresistance
oscillation spectrum obtained using �2� is presented. Oscilla-
tions of the longitudinal �mz

av� magnetization component pro-
duce the signal with the basic �precession� frequency,
whereby the magnetization component perpendicular to the
long axis of the ellipsoid �mx

av� is responsible for the second
harmonic generation: As explained above by the analysis of
the minimal model spectra �Sec. III A�, for this type of mo-
tion the mx

av component oscillates with the frequency roughly
twice the precession frequency. A weak third harmonics is
present in the spectrum of mz

av oscillations due to a nonlinear
precession character for this regime. A quantitative compari-
son of the basic frequency and harmonic intensities is not
possible, because the relation between corresponding inten-
sities strongly depends on the angle between the external
field and the ellipsoid axis, which is not known exactly.

The interpretation outlined above is strongly supported by
the experimental observation that the basic frequency band
disappeared when the external field was aligned as exact as
possible along the long axis of the elliptical element,47 as it
should be according to Eq. �2� with ez

h=0.
The next intriguing feature of the magnetization dynamics

measured in Ref. 14 is the existence of two oscillation
regimes—for low �for 2.0–2.4 mA� and high �from
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�2.6 mA up to �6.5 mA� current values. The transition be-
tween these two regimes is accompanied by the drastic in-
crease of the microwave power and by the frequency jump
from �16 GHz in a low-amplitude regime down to �7 GHz
for large-amplitude oscillations. These features are quite
similar to those obtained for the macrospin model �see cor-
responding simulations in Ref. 14�. However, as explained
above, they disappear when this transition is studied using a
full micromagnetic model with moderate or absent random
grain anisotropy of a polycrystalline elliptical element: First,
the frequency during this transition remains nearly un-
changed and, second, the magnitude of the simulated micro-
wave power before the transition is at least as high �and for
T=0 even higher� as immediately after it �this latter feature
is also due to a fact that the amplitude in a regular regime
just before the transition is by no means small, as it is the
case in the macrospin model�.

For this reason another explanation of the frequency and
amplitude relation in these two regimes is required. Such an
explanation can be given assuming that the nanoelement
studied in Ref. 14 had at least a small �but non-negligible�
fraction of hcp Co grains �evidence about the coexistence of
fcc and hcp phases in this Co films can be found, e.g., in Ref.
39�. As shown in Fig. 6, polycrystalline samples consisting
of hcp Co demonstrate a large variety of possible spectral
maps which strongly depend on the realization of a polycrys-
talline sample structure. As explained in Sec. III C 2, this is a
natural consequence of a relatively strong anisotropy of the
hcp grains, which lead to very different magnetization dy-
namics for grains with different directions of the anisotropy
axes. This, in turn, may lead to a spatial “migration” of the
oscillation power by increasing the current strength. All these
circumstances can result in single �Fig. 6�b�� or multiply
�Fig. 6�a�� frequency jumps when increasing current and
quite different dependencies of the spectral maxima fre-
quency on the current strength �compare the behavior of
broad spectral bands in, e.g., Figs. 6�c� and 6�d��. The mag-
nitude of the frequency jump can be quite large: we have
observed frequency changes as large as 10 GHz �in principle
even larger jumps are possible: the maximal oscillation fre-
quency for a hcp Co grain with MS of a bulk Co and the
anisotropy axis aligned along the external field is fmax
�38 GHz�. In this connection it is interesting to note that the
regular precession frequency f reg�17 GHz obtained for the
sample whose spectral map is shown in Fig. 6�b� nearly co-
incides with that measured in the “small-amplitude” regime
in Ref. 14.

The interpretation proposed above could also explain why
the magnitude of the microwave power drastically increases
after the transition to a quasichaotic behavior: it might hap-
pen that only a small fraction of a sample �e.g., only hcp
grains with a favorable orientation of the anisotropy axes�
oscillates in a regular �small-amplitude� regime, whereby in
a quasichaotic regime one observes the oscillations of a ma-
jor part of a nanoelement occupied by the fcc nanocrystals.
Our hypothesis is supported further by the observation that
the small-amplitude regime was found not for all experimen-
tally studied samples.47

We would like also to add a few comments concerning the
out-of-plane precession mode which was not observed ex-

perimentally, despite being predicted by a macrospin model.
As discussed in Secs. III C 1, III D, and IV A above, the
absence of this mode in the measured spectra can be ex-
plained by the joint influence of a polycrystalline sample
structure and thermal fluctuations: both these factors destroy
the homogeneous magnetization structure, thus decreasing
the amplitude of the out-of-plane mode. In this connection it
is worth noting that for some hcp samples we have observed
a relatively weak spectral band corresponding to out-of-plane
oscillations �this mode could be identified due to its very
characteristic frequency dependence on the current strength
similar to that shown in Fig. 3b in Ref. 14�. We have found
out that this mode was localized in a small region of a na-
noelement, where the orientations of the grain anisotropy
axes were nearly parallel, thus favoring the collinear magne-
tization structure during the precession. The importance of
the polycrystalline structure for the suppression of the out-
of-plane precession could be tested on samples made of ma-
terials with low crystal grain anisotropy �like Permalloy�. For
this sample the out-of-plane mode should be observable, be-
cause the nearly absent magnetic anisotropy of Py could not
destroy the homogeneous magnetization configuration re-
quired for the existence of the out-of-plane mode. This con-
clusion seems to be supported by the recent experimental
observations.16

As it can be seen from the previous discussion, the ex-
tended micromagnetic model which takes into account a
polycrystalline structure of a nanoelement and thermal fluc-
tuations can explain qualitatively all most important features
of the experimental data reported up to now.14. However,
from the quantitative point of view, several discrepancies do
exist.

The most important one is the difference between the
simulated and measured frequencies in the quasichaotic re-
gime: at the beginning of this regime the measured frequency
is fmes�6.5 GHz �see Fig. 1c in Ref. 14�, whereas our simu-
lations for elements without a polycrystalline structure and
for a polycrystalline fcc-Co give fsim�9–10 GHz for aJ val-
ues where the transition to a quasichaotic regime is com-
pleted �see, e.g., Fig. 1�c� and spectrum for aJ=0.38 in Fig.
8�. We consider this discrepancy as the most serious one
because the frequency is the most reliable spectral character-
istic obtained both in measurements and simulations:
whereas other parameters like the line width and intensity
can be artificially altered by many factors, the peak fre-
quency is an inherent signal feature which is usually repro-
duced with an accuracy allowing a direct comparison be-
tween simulations and experiment.

By the discussion of the influence of various factors
which could account for the frequency difference pointed out
above we would like to begin with the reasons having no
direct relation to the spin injection, i.e., with the factors
which are not taken into account in our “standard” micro-
magnetic model.

�i� Influence of the underlayer. In our treatment we have
considered a single-layer elliptical nanoelement, which
means that the magnetodipolar interaction with the Co un-
derlayer present in a real experiment14 was not included. In
principle, such an interaction could indeed decrease the os-
cillation frequency, especially taking into account that the
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underlayer could be also partially structured by the ion mill-
ing used in Ref. 14 to produce an elliptical nanoelement from
the upper Co layer. The elliptical pillar sticking out from the
underlayer after such a milling would be magnetized in the
external field direction, thus producing the stray field in the
opposite direction. This latter field would decrease �on aver-
age� the total field acting on the elliptical nanoelement under
study, thus decreasing its precession frequency.

We are not able to simulate this effect quantitatively be-
cause the milling depth for the underlayer is not known ex-
actly. However, by creating the columnar structure studied in
Ref. 14 it was aimed to disturb the lower Co layer as little as
possible, so that the milling depth through the underlayer
should be maximally several nanometers.47 The stray field
from a pillar with such a small height acting on the element
placed 10 nm above it would be concentrated mainly in
small regions near those edges of the nanoelement which are
perpendicular to the external field �or the long ellipsoid axis�.
Thus such a field could presumably not lead to a significant
decrease of the precession frequency in the quasichaotic re-
gime, where oscillations of the inner nanoelement regions
play a major role.

To check this conclusion, we have performed simulations
of a system consisting of an extended underlayer with a
thickness 10 nm, an elliptical pillar with the thickness 5 nm
and lateral sizes 130�70 nm placed on the top of it, and a
nanoelement with the same lateral sizes located 10 nm
�thickness of the Cu layer between the two Co layers in Ref.
14� above the pillar. Periodic in-plane boundary conditions
were applied to eliminate the effect of the stray field from a
relatively thick extended underlayer. We have found �de-
tailed results will be presented elsewhere� that the precession
frequency both in the regular and in the quasichaotic regime
was not noticeably influenced by the underlayer with a pillar,
as expected according to the considerations above.

�ii� Grain texture for an element with a hcp polycrystal-
line anisotropy. The influence of the polycrystalline structure
for a hcp Co could be greatly enhanced for an element with
a significant grain texture. In particular, in an element region
with lateral sizes much larger than its thickness and the grain
anisotropy axes perpendicular to the element plane, the os-
cillation frequency for a homogeneous mode fFMR

an

= �� /2�� · 	H0�H0+ �4�−�MS�
1/2 �for �4�� would be
�for MS=1400 G and K=4.5�106 erg cm−3��1.2 times
smaller than fFMR

�0� . If fch scales with the material parameters
in the same way as the FMR frequency, this would result in
the in-plane quasichaotic oscillations with fch�8.2 GHz
which is much closer to the experimental value. For a Co
film with the reduced MS�800 G the hcp anisotropy would
“overcome” the shape anisotropy so that the precession with
the frequency around the free-spin value f0= �� /2�� ·H0

�5.5 GHz could be expected. Unfortunately, as stated
above, a highly textured grain structure is unlikely for sput-
tered Co films. However, the arguments presented above
clearly show that a detailed characterization of a polycrystal-
line sample structure is necessary for materials with signifi-
cant magnetocrystalline anisotropy.

�iii� Surface roughness. In a thin film element with a
rough surface a demagnetizing field due to this roughness
would exist, what can also decrease a precession frequency.

Quantitative studies of the roughness effect are possible only
when the corresponding information about the roughness pa-
rameters is available. Here we can only point out that a sub-
stantial roughness with a characteristic wavelength of the
same order as the element thickness is necessary to create an
appreciable demagnetizing field inside a nanoelement.

Next we consider in our discussion the possible factors
connected to the magnetization dynamics of a system driven
by a spin-polarized current �SPC�.

�iv� Effective field induced by the spin injection. The ex-
istence of such a field was extensively discussed theoreti-
cally �see references in the Introduction�, but only recently
this field could be measured in a direct experiment48 using a
small asymmetry of the hysteresis loop in a multilayer sys-
tem in the presence of a SPC. For a system very similar to
that studied in Ref. 14 it was shown that the magnitude of a
SPC-induced effective field can be calculated as HSPC=bJ · j,
where j is the current density and the coefficient bJ was
found to be bJ�1.5�10−7 Oe�cm2 A−1. For a typical cur-
rent value I=3 mA and lateral sizes of the nanoelement un-
der study 130�70 nm2 the current density is j
�4·107 A cm−2. Hence a SPC-induced field would be
HSPC�6 Oe which is negligibly small.

�v� Nontrivial angular dependence of the Slonczewski
torque magnitude aJ and configuration-dependent damping
�. As it was discussed in Sec. II, these factors should be
considered on equal footing, because the spin-induced torque
and precession damping in multilayer systems subject to a
spin-polarized current are controlled by the processes of the
same physical nature. Here we would like only to mention
that, from a qualitative point of view, the enhancement of the
precession damping for large SPC strengths and/or for large
angles between the magnetization of adjacent layers �see
Ref. in Sec. II� could indeed decrease the precession fre-
quency in a quasichaotic regime which is characterized by
strong inhomogeneities of the magnetization structure. The
quantitative study of the corresponding effect is the subject
of a future work.

V. CONCLUSION

In conclusion, we have performed a systematic study of
the magnetization dynamics of a thin single-layer elliptical
nanoelement driven by a spin-polarized current flowing per-
pendicular to its plane. Analyzing the dependence of this
dynamics on various magnetic material parameters, we have
demonstrated that an extended micromagnetic model which
takes into account a polycrystalline structure of this element
and the influence of thermal fluctuations can in principle
explain qualitatively almost all features observed experimen-
tally. At the same time we have shown that an apparent quali-
tative agreement between the macrospin model and some
experimental findings is due to artificial features of the mac-
rospin dynamics, which are absent in the full-scale micro-
magnetic model. An important issue concerning the quanti-
tative disagreement between the precession frequencies
measured experimentally and simulated numerically for the
quasichaotic regime still requires further clarification. Ana-
lyzing various possible causes of this discrepancy we have
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shown that a likely candidate to resolve this difficulty is the
refined model of the spin-injection-induced dynamics which
would include the nontrivial angular dependence of the spin-

torque term and the dependence of the precession damping
on the spin-polarized current strength and the magnetization
configuration of a multilayer system.
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